PROJEKTI

Opraviti je potrebno seminarsko nalogo, ki bo vsebovala bodisi

• branje splošnih/poljudnih člankov iz algebraične kombinatorike ter priprava sestavka, ki bi bil primeren za Presek, OMF, Uporabno informatiko, Monitor, Proteus, Moj mikro, Delo (npr. priloga Znanost ali pa sekcija Informacijska tehnologija) oziroma druge podobne revije in časopise, ali • branje raziskovalnih člankov iz algebraične kombinatorike ali • neodvisno raziskovanje na tem področju ali • programiranje in analiza algoritma iz algebraične kombinatorike.

Lahko si izberete temo, ki je ni na seznamu, vendar se predtem posvetujte s predavateljem.

Če si želite izbrati “realen” izziv, si lahko ogledate referenčno knjigo [BCN], ki vsebuje veliko problemov. Toda velja opozorilo: ti problemi so verjetno zelo težki. Za začetek ne bi skodilo predelati kakšen dokaz iz te knjige za občutek.

En od namenov tega projekta je tudi, da se naučite iskati reference na tem področju. Koliko (iskanja) informacij zadostuje? Če je vaš problem že dobro preštudiran in ste poiskali en sam vir (en članek ali knjigo), potem niste storili dovolj. (Tudi če članek trdi, da so našli končno rešitev, se morate o tem prepričati sami). Če ste zbrali več kot 10 člankov, potem morate nekako zožiti svoje področje, na primer tako, da zožite problem, ali način reševanja, ali pa da se osredotočite na najnovejša oziroma najbolj primerna dela.

Prav tako bi se morali ob projektu naučiti razpoznavati smiselnost rezultatov, ki jih imate na voljo in pretehtati, kateri so najbolj uporabni. Po koncu predavanj boste imeli 10–15 minutni nastop, ki bo podal predvsem motivacijo za študij teme, ki ste si jo izbrali in morda nekaj osnovnih rezultatov, kasneje pa boste vse skupaj oddali v obliki seminarske naloge.

Lista projektov:

1. (DEMO) Izrek Bruck-Ryser-Chowla (BRC)

(npr. z njim lahko dokažemo izreke kot je npr. naslednji: če obstaja projektivna ravnina reda n, pri čemer je n ≡ 1 ali 2(mod 4), potem je n vsota dveh kvadratov).

“Demo” pomeni, da imam prosojnice od tega projekta in Vam jih lahko na Vašo željo pokažem.

2. Slavni izrek o večkratniku (angl. Celebrated multiplier theorem):

prvi posebni primer je dokazal leta 1947 Marshall Hall (1910-1990). 3. t-designi (Terlinckova konstrukcija) 4. Wittov design (konstrukcija, osnovne lastnosti in druge z njim povezane strukture).

Given a pick-7 lottery with 23 numbers that pays a prize to anyone matching at least 4 of the 7 numbers, there is a set of 253 tickets that guarantees a win. This set corresponds to the Witt design. More formally, the Witt design on 23 points is a 4-(23,7,1) block design. (Witt 1938). It is one of the most remarkable structures in all of combinatorics (Godsil and Royle 2000). It can be constructed by factoring x^{23} − 1 over GF(2), into (x − 1)g_2(x)(x^{11}g_2(x^( − 1))), where g_2(x) == x^{11} + x^9 + x^7 + x^6 + x^5 + x + 1.

5. Projektivne geometrije in zanimivi objekti v njih (npr. oval and hyperovals, Segre). 6. Pravokotne škatle in Latinski kvadrati (uporaba). 7. Hadamardove matrike (pregled, uporaba,...).

8. Klasifikacija grafov z najmanjšo lastno vrednostjo enako -2 9. Peron-Frobeniousov izrek (dokaz in uporaba). 10. Couran-Fisherjev izrek (dokaz in uporaba,

zanimiva posledica: Haemers interlacing).

11. Kreinovi parametri v asociativnih shemah in njihove lastnosti. 12. Absolutna meja za asociativne sheme.

13. Enoličnost trikotniškega grafa T (n) (tj. krepko regularen graf, ki ima enake parametre kot trikotniški graf T (n), je izomorfen trikotniškemu grafu).

14. Terwilligerjevi grafi (μ-graf je poln). 15. Sporadični krepko regularni grafi

(a) Hoffman-Singletonov graf – SRG(50, 7, 0, 1) (največji znani Moorov graf, povezan s Petersenovim grafom), (b) Higman-Simsov graf – SRG(100, 22, 0, 6) (njegova grupa avtomorfizmov je povezana s slavno HS grupo, ki je sporadična enostavna končna grupa).

Predstavi njihovo konstrukcijo, osnovne lastnosti in druge z njim povezane strukture. 16. GRAPE program (del GAP-a) (L. Soicher).

17. G&G program (Bill Kocay).

18. Konstrukcija delnih geometrij (npr. s pomočjo maksimalnih lokov).

19. Kvadratne in bilinearne forme.

20. Posplošeni n-kotniki.

Projective and polar spaces are important members of a larger class of geometries called buildings. Much of the importance of these derives from the fact that they are the “natural” geometries for arbitrary groups of Lie type, just as projective spaces are for linear groups and polar spaces for classical groups. The groups of Lie type include, in particular, all the non-abelian finite simple groups except for the alternating groups and the 26 sporadic groups. I do not intend to discuss buildings here (for this, see the lecture notes of Tits or the recent books by Brown and Ronan) or polygons as they are commonly known. These include the 2-dimensional projective and polar spaces (that is, projective planes and generalised quadrangles). Recall that a rank 2 geometry has two types of varieties, with a symmetric incidence relation; it can be thought of as a bipartite graph. We use graph-theoretic terminology in the following definition. A rank 2 geometry is a generalised n-gon (where n ≥ 2) if

(GP1) it is connected with diameter n and girth 2n;

(GP2) for any variety x, there is a variety y at distance n from x.

It is left to the reader to check that, for n = 2, 3, 4, this definition coincides with that of a digon, generalised projective plane or generalised quadrangle respectively.

Let G be a generalised n-gon. The flag geometry of - has as POINTs the varieties of G (of both types), and as LINEs the flags of G, with the obvious incidence between POINTs and LINEs. It is easily checked to be a generalised 2n-gon in which every line has two points; and any generalised 2n-gon with two points per line is the flag geometry of a generalised n-gon.

In future, we usually assume that our polygons are thick, that is, have at least three varieties of one type incident with each variety of the other type. It is also easy to show that a thick generalised polygon has orders, that is, the number of points per line and the number of lines per point are both constant; and, if n is odd, then these two constants are equal. [Hint: in general, if varieties x and y have distance n, then each variety incident with x has distance n − 2 from a unique variety incident with y, and vice versa.] We let s + 1 and t + 1 denote the numbers of points per line or lines per point, respectively, with the proviso that either or both may be infinite. (If both are finite, then the geometry is finite.) The geometry is thick if and only if s, t > 1. The major theorem about finite generalised polygons is the Feit-Higman theorem:

Theorem. A thick generalised n-gon can exist only for n = 2, 3, 4, 6 or 8.

In the course of the proof, Feit and Higman derive additional information:

• if n = 6, then st is a square; • if n = 8, then 2st is a square.

Subsequently, further numerical restrictions have been discovered; for example:

• if n = 4 or n = 8, then t ≤ s^2 and s ≤ t^2; • if n = 6, then t ≤ s^3 and s ≤ t^3.

In contrast to the situation for n = 3 and n = 4, the only known finite thick generalised 6-gons and 8-gons arise from groups of Lie type. There are 6-gons with s = t = q and with s = q, t = q^3 for any prime power q; and 8-gons with s = q, t = q^2, where q is an odd power of 2.

In the next section, we discuss a class of 6-gons including the first-mentioned finite examples. There is no hope of classifying infinite generalised n-gons, which exist for all n (Exercise 2). However, assuming a symmetry condition, the Moufang condition, which generalises the existence of central collineations in projective planes, and is also equivalent to a generalisation of Desargues’s theorem, Tits and Weiss derived the same conclusion as Feit and Higman, namely, that n = 2, 3, 4, 6 or 8.

As for quadrangles, the question of the existence of thick generalised n-gons (for n ≥ 3) with s finite and t infinite is completely open. Of course, n must be even in such a geometry!

21. Uporaba ekvitabilnih particij (npr. za iskanje izomorfizmov dveh grafov).

22. Q-polinomske asociativne sheme, ki niso P -polinomske (začetek klasifikacije). 23. MacWilliamove relacije (enega najbolj uporabnih izrekov iz teorije kodiranja je odkrila F. J. MacWilliams leta 1963) in izrek Assmus-Mattson (1969).

24. Terwilligerjeva (subconstituent) algebra.

25. Širina (angl. width) in dualna širina podmnožic v P -polinomskih asociativnih shemah.

26. Sferični designi (množica točk v n-dimenizonalnem Evklidskem prostoru, katerih točke so parama na samo nekaj razdaljah, angl. a few distances set).

27. Mreža (Leech Lattice)

(konstrukcija, osnovne lastnosti in druge z njim povezane strukture).

A 24-D Euclidean lattice. An automorphism of the Leech lattice modulo a center of two leads to the Conway group Co_1. Stabilization of the one- and two-dimensional sublattices leads to the Conway groups Co_2 and Co_3, the Higman-Sims group HS and the McLaughlin group McL. The Leech lattice appears to be the densest hypersphere packing in 24-D, and results in each hypersphere touching 196,560 others.

28. Klasifikacija razdaljno-tranzitivnih grafov. 29. Smitov izrek (Dokaz in uporaba).

30. Moorovi grafi (klasifikacija, obstajajo samo za premer 2). 31. Zaporedje kosinusov (reprezentacije, Sturmovo zaporedje, poliedri, ...). 32. Klasični razdaljno-regularni grafi (pregled znamenitih družin in skupna parametrizacija). 33. Sporadični razdaljno-regularni grafi

(npr. Pattersonov graf - trenutno največji znani).

34. Nova neenakost za razdaljno-regularne grafe (Terwilliger: A new inequality). 35. Polno-regularne kode (angl. completely regular codes). 36. Perfektne kode (npr. v Johnsonovih grafih). 37. Metoda “Circuit cashing”. 38. Klasifikacija ortogonalnih polinomov

(povezava s klasičnimi družinami razdaljno-regularnih grafov). 39. M&M konstrukcija (preučevanje primerov in podobnih konstrukcij). 40. Rang modp matrik sosednosti razdaljno-regularnih grafov. 41. Bipartitni razdaljno-regularni grafi

(klasifikacija, polovičenje - angl. halving, polovičenje v obratni smeri, ...) 42. Antipodni razdaljno-regularni grafi premera 3

(sestavi listo dopustnih parametrov, začetek klasifikacije).

43. Dva-grafi in Taylerjevi grafi.

44. Konstrukcija Thus-Somma antipodnih razdaljno-regularnih grafov premera 3.

45. Lokalno ciklični razdaljno-regularni grafi

(npr. Kleinov graf in Mathonova konstrukcija).

46. Prolifične konstrukcije (D. Fon der Flass) razdaljno-regularnih grafov premera 3.

47. Dvigovanje ciklov v antipodnih krovih.

48. 2-krovi polnih dvodelnih grafov in njihova povezava s Hadamardovimi matrikami.

49. Suzukijeva grupa (enostavna končna grupa) in stolp grafov, ki so povezani z njo.

50. Fischerjeve grupe in z njimi povezani razdaljno-regularni grafi.

51. Geodetke in b_3 = 1 (sistemi neprimitivnosti).

52. CAB lastnost in program za klasifikacijo.

53. Tesni grafi (in 1-homogeni grafi) ter kopica odprtih problemov:

(a) AT4 družina: npr. klasifikacija treh izmed štirih družin je še vedno odprta; (b) enoličnost Meixnerjevih grafov; (c) ekzistenca Pattersonovega brata; (d) μ-lokalno s · K_{t×n},...

54. Univerzalni krovi v kombinatoriki.

Mathematicians Map E_8

Mathematicians have mapped the inner workings of one of the most complicated structures ever studied: the object known as the exceptional Lie group E_8. This achievement is significant both as an advance in basic knowledge and because of the many connections between E_8 and other areas, including string theory and geometry.

The magnitude of the calculation is staggering: the answer, if written out in tiny print, would cover an area the size of Manhattan. Mathematicians are known for their solitary work style, but the assault on E_8 is part of a large project bringing together 18 mathematicians from the U.S. and Europe for an intensive four-year collaboration.

“This is exciting,” said Peter Sarnak, Eugene Higgins Professor of Mathematics at Princeton University (not affiliated with the project). “Understanding and classifying the representations of Lie Groups has been critical to understanding phenomena in many different areas of mathematics and science including algebra, geometry, number theory, Physics and Chemistry. This project will be valuable for future mathematicians and scientists.”

Bigger than the Human Genome. The magnitude of the E_8 calculation invites comparison with the Human Genome Project. The human genome, which contains all the genetic information of a cell, is less than a gigabyte in size. The result of the E_8 calculation, which contains all the information about E_8 and its representations, is 60 gigabytes in size. That is enough space to store 45 days of continuous music in MP3 format. While many scientific projects involve processing large amounts of data, the E_8 calculation is very different: the size of the input is comparatively small, but the answer itself is enormous, and very dense.

Like the Human Genome Project, these results are just the beginning. According to project leader Jeffrey Adams, “This is basic research which will have many implications, most of which we don not understand yet. Just as the human genome does not instantly give you a new miracle drug, our results are a basic tool, which people will use to advance research in other areas.” This could have unforeseen implications in mathematics and physics which do not appear for years.

According to Hermann Nicolai, a director of the Max Planck Institute in Potsdam, Germany (not affiliated with the project), “This is an impressive achievement. While mathematicians have known for a long time about the beauty and the uniqueness of E_8, we physicists have come to appreciate its exceptional role only more recently – yet, in our attempts to unify gravity with the other fundamental forces into a consistent theory of quantum gravity, we now encounter it at almost every corner! Thus, understanding the inner workings of E_8 is not only a great advance for pure mathematics, but may also help physicists in their quest for a unified theory.”

The E_8 Calculation. The team that produced the E_8 calculation began work four years ago. They meet together at the American Institute of Mathematics every summer, and in smaller groups throughout the year. Their work requires a mix of theoretical mathematics and intricate computer programming. According to team member David Vogan from MIT, Ťhe literature on this subject is very dense and very difficult to understand. Even after we understood the underlying mathematics, it still took more than two years to implement it on a computer.Ǎnd then there came the problem of finding a computer large enough to do the calculation.

For another year, the team worked to make the calculation more efficient, so that it might fit on existing supercomputers, but it remained just beyond the capacity of the hardware available to them. The team was contemplating the prospect of waiting for a larger computer when Noam Elkies of Harvard pointed out an ingenious way to perform several small versions of the calculation, each producing an incomplete version of the answer. These incomplete answers could be assembled to give the final solution. The cost was having to run the calculation four times, plus the time to combine the answers. In the end the calculation took about 77 hours on the supercomputer Sage.

Beautiful Symmetry. The team that produced the E_8 calculation began work four years ago. At the most basic level, the E_8 calculation is an investigation of symmetry. Mathematicians invented the Lie groups to capture the essence of symmetry: underlying any symmetrical object, such as a sphere, is a Lie group. Lie groups come in families. The classical groups A_1, A_2, A_3, . . . , B_1, B_2, B_3, . . . , C_1, C_2, C_3, . . . and D_1, D_2, D_3, . . . rise like gentle rolling hills towards the horizon. Jutting out of this mathematical landscape are the jagged peaks of the exceptional groups G_2, F_4, E_6, E_7 and, towering above them all, E_8. E_8 is an extraordinarily complicated group: it is the symmetries of a particular 57-dimensional object, and E_8 itself is 248-dimensional!

To describe the new result requires one more level of abstraction. The ways that E_8 manifests itself as a symmetry group are called representations. The goal is to describe all the possible representations of E_8. These representations are extremely complicated, but mathematicians describe them in terms of basic building blocks. The new result is a complete list of these building blocks for the representations of E_8, and a precise description of the relations between them, all encoded in a matrix with 205,263,363,600 entries.

The Atlas of Lie Groups Project. The team that produced the E_8 calculation began work four years ago. The E_8 calculation is part of an ambitious project known as the Atlas of Lie Groups and Representations. The goal of the Atlas project is to determine the unitary representations of all the Lie groups. This is one of the great unsolved problems of mathematics, dating from the early 20th century. The success of the E_8 calculation leaves little doubt that the Atlas team will complete their task.

The Atlas team consists of about 20 researchers from the United States and Europe. The core group consists of Jeffrey Adams (University of Maryland), Dan Barbasch (Cornell), John Stembridge (University of Michigan), Peter Trapa (University of Utah) , Marc van Leeuwen (Poitiers), David Vogan (MIT), and (until his death in 2006) Fokko du Cloux (Lyon). The results of the E_8 computation were announced in a talk at MIT by David Vogan on Monday, March 19, 2007. The Atlas project is funded by the National Science Foundation through the American Institute of Mathematics.

The term Mathematical landscape describes the objects one finds in higher dimensions. It is also used in connection with mathematician’s attempts to find unifying principles in physics and mathematics. Some believe that the link between them is an as yet undescovered symmetry which will be the same symmetry under which the laws of nature behave. A particular example of this is the Monstrous moonshine conjecture which linked the Monster group with modular functions and string theory. Another example is the appearance of the largest exceptional lie group, E_8, as the gauge group of heterotic superstring theory.