Algebraic Combinatorics, 2007

For 6 € ev(I') and associated primitive idempotent E:

b = A <i<d
‘VP‘th h O 1 )

wo, - - - ,wyq 18 the cosine sequence of E (or ).

Lemma. I' distance-regular, diam. d > 2, E is a

primitive idempotent of I' corresponding to 6,
wy, . . . ,wy IS the cosine sequence of 6.

For x,y € VI', i = d(x,y) we have

(i) (Fx, Fy) = xy-entry of F = w; |$ﬁ‘
(11) wo=1and cw;_1+ aw; + bw;11 = Ow;

for 0 <1 <d.
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w—g w_92—a19—k
1 — ka 2 — kbl
and
(k—@)(al—l—l) (k—@)(9+bl+1)
e — 1—(0o — ,
W1—w2 kb: 3 W2 kb,

Using the Sturm’s theorem for the sequence
bo ce bz wz(x)

we obtain

Theorem. Let 6y > --- > 6, be the eigenvalues of
a distance regular graph. The sequence of cosines

corresponding to the i1-th eigenvalue 6; has precisely
1 sign changes.
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Modules

[' distance-regular, diam. d > 2.
Suppose a; # 0. Thenfori # d, a; # 0, i.e., D! # 0.
Moreover, D4 = () iff ay = 0.

Let w;; be a characteristic vector of the set D‘Z-j and
W =W(x,y):= Span{w;; | 4,7 =0,...,d}. Then

3d if aqd # O,

A W= {Bd—l if ag=0.
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For Vxy € ET, we define the scalar f = f(x,y):
1

F = |t(zw) € X7 2w € Tlay), 0z w) =2}
1

f is the average degree of the complement of the
A-graph. Then 0 < f < ay; — 1,b; and for 6 € ev(I),
FE = E(0) the Gram matrix of Ez, Fy, w1y is

mo Wo W1 41w
0 det w1 Wy a1wq
n
a1wr a1 C

where ¢ = al(wo + (a1 — f — Dwy + f(.dg).
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SO
(wW—w)(l4+wf <(1—-w)(aw+1+w),

1.e.

(k+60)1+0) f < bi(k+60(a1+1)).

We now consider which of 61, 6s, ..., 0, gives the best
bounds for f. Let 6 denote one of 61,6, ....60, and
assume 6 # —1. If 8 > —1 (resp. 6 < —1), the
obtained inequality gives an upper (resp. lower) bound

for f.
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Consider the partial fraction decompostion
k‘|‘9<&1—|—1) o b1 (kCLl n b1 )
"k+0)1+60)  k—1\k+60 1+6/
Since the map F': R\ {—k, —1} — R, defined by
ka1 bl
~ k+x i I+

is strictly decreasing on the intervals (—k, —1) and
(—1,00), we find that the least upper bound for f is
obtained at # = 6, and and the greatest lower bound
is obtained at 8 = 0;:

k + Qd(a1+1)
Y(k+0,)(1+6,)

X

k + 91(&1+1)
(k+61)(1+6,)

<f<bh
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Set H = H(z,y) := Span{, ¢, w1}

Suppose I' is 1-homogeneous. So AW = W. The
Bose-Mesner algebra M is generated by A, so also

MW =W =MH (:=Span{mh|m € M,h € H}).
Ey, Ly, ..., Eyis a basis for M, so E;E; = 0;;1; and

MH = Z E:H (direct sum),

Note dim(EyH) = 1 and 3 > dim(E;H) > 2, and
dim(E;H) = 2 implies ¢ € {1,d}.

Ift .= |{i| dim(E;H) = 2}|, then t € {0,1,2} and
dim(MH) =3d+1—t. Hencet =2 when ag = 0.
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