
Algebraic Combinatorics, 2007

VIII. 1-homogeneous graphs

• a homogemeous property

• examples

• a local approach and the CAB property

• recursive relations on parameters

• algorithm

• a classification of Terwilliger graphs

• modules
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Homogeneous property
(in the sense of Nomura)

Γ graph, diameter d, x, y ∈ V (Γ), s.t. ∂(x, y) = h,

i, j∈{0, . . . , d}. Set Dj
i = Dj

i (x, y) :=Γi(x)∩Γj(y)

and note |Dj
i | = ph

ij.

The graph Γ is h-homogeneous when the partition

{Dj
i | 0 ≤ i, j ≤ d, Dj

i 6= ∅}
is equitable for every x, y ∈ V (Γ), ∂(x, y) = h, and
the parameters corresponding to equitable partitions
are independent of x and y.

0-homogeneous ⇐⇒ distance-regular
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xSW + xS + xSE = ci, xW + xC + xE = ai, xNW + xN + xNE = bi,

xNW +xW +xSW = cj, xN +xC +xS = aj, xNE +xE +xSE = bj.
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For i ∈ {1, . . . , d}

|Di
i−1| = |Di−1

i | =
b1b2 . . . bi−1

c1c2 . . . ci−1
, |Di

i| = ai
b1b2 . . . bi−1

c1c2 . . . ci
,

and therefore Di−1
i 6= ∅ 6= Di

i−1.

A distance-regular graph Γ is 1-homogeneous when
the distance distribution corresponding to an edge is
equitable.
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Some examples of 1-homogeneous graphs

distance-regular graphs with at most one i, s.t. ai 6= 0:

– bipartite graphs,
– generalized Odd graphs;
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A 1-homogeneous graph Γ of diameter d ≥ 2 and
a1 6= 0 is locally disconnected iff it is a regular near
2d-gon (i.e., a distance-regular graph with ai = cia1

and no induced K1,2,1).
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If Γ is locally disconnected, then for i = 1, . . . , d − 1.

τi = bi and σi+1 =
ci+1ai

ai+1
.
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Some examples of 1-homo. graphs, cont.

• the Taylor graphs,

• the Johnson graph J(2d, d),

• the folded Johnson graph J(4d, 2d),

• the halved n-cube H(n, 2),

• the folded halved (2n)-cube,

• cubic distance-regular graphs.
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The local graph ∆(x) is the subgraph of Γ induced
by the neighbours of x. It has k vertices & valency a1.

All local graphs of a 1-homogeneous graph are

(i) connected strongly regular graphs

with the same parameters, or

(ii) disjoint unions of (a1+1)-cliques.
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A local approach

For x, y ∈ V (Γ), s.t. ∂(x, y) = i, let CABi(x, y) be
the partition {Ci(x, y), Ai(x, y), Bi(x, y)} of Γ(y).

c aa −γ1
γd

d d dαd
ic ai

a
iba

a
iδ

1

−γ
−δ−α −i i

1

1 i
γi a −α1 d

αi βi

βi

Γ has the CABj property, if ∀i ≤ j the partition
CABi(x, y) is equitable ∀x, y ∈ V (Γ), s.t. ∂(x, y) = i.

the CAB1 property ⇐⇒ Γ is locally strongly regular
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Theorem [JK’00]. Γ drg, diam. d, a1 6= 0. Then

Γ is 1-homogeneous ⇐⇒ Γ has the CAB property.

A two way counting gives us for i = 2, . . . , d:

αici−1 = σi αi−1,

βi−1bi = τi−1 βi,

γi(ci−1 − σi−1) = ρi αi−1.
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The quotient matrices corresponding to CABi

partitions are, for 1 ≤ i ≤ j, i 6= d,

Qi =





γi a1 − γi 0
αi a1 − βi − αi βi

0 δi a1 − δi



 ,

and when j =d also Qd =

(

γd a1 − γd

αd a1 − αd

)

,

if ad 6= 0, and Qd = (γd), if ad = 0
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Let Γ be a 1-homogeneous graph with diameter d that
is locally connected and let δ0 := 0.

Then ai 6= 0, a1 − γi 6= 0, and we have the following
recursion: γi =δi−1,

αi =
(a1−δi−1)ci

ai
, δi =

aiµ
′

a1−δi−1
, βi =biδi/ai,

for i ∈ {1, 2, . . . , d − 1}, and when i=d

γd = δd−1, αd = (a1 − δd−1)cd/ad, if ad 6= 0,

and γd = a1, if ad = 0.
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An bf algorithm to calculate all possible intersection
arrays of 1-homogeneous graphs for which we know
that local graphs are connected SRGs with given
parameters,

Given the parameters (k′, λ′, µ′) of a connected SRG,
calculate its eigenvalues k′ = a1 > p > q and

k = v′ =
(a1−p)(a1−q)

a1 + pq
, b1 = k−a1−1, α1 = 1,

β1 = a1 − λ′ − 1, γ1 = 0, δ1 = µ′.
and initialize the sets F := ∅ (final), N := ∅ (new) and
S := {{k, b1, δ1}} (current).
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for i ≥ 2 and S 6= ∅ do

for {c2, . . . , ci−1, δi−1; k, b1, . . . , bi−1} ∈ S do

γi := δi−1;

if γi = a1 then ai = 0; ci = k; F := F ∪ {{k, b1, . . . , bi−1; 1, c2, c3, . . . , ci}} fi;

if γi < a1 then

assume diameter = i and calculate αi, ai, ci

if

(

ki ∈ N and αi, ai, ci ∈ N and ai(a1 − αi)/2, ciγi/2 ∈ N0

)

then F := F ∪ {{k, b1, . . . , bi−1; 1, c2, . . . , ci}} fi;

assume diameter > i;

for ci = max(ci−1, γi) + 1, . . . , b1 do

calculate αi, βi, δi, bi, ai

if

(

ki ∈ N and αi, βi, δi, bi, ai ∈ N and δi ≥ γi

and
ciγi

2
,

(a1 − βi − αi)ai

2
,

bi(a1 − δi)

2
∈ N0

)

then N := N ∪ {{c2, . . . , ci, δi; k, b1, . . . , bi}} fi;
od;

fi;
od;
S := N ; N := ∅;

od;

Aleksandar Jurǐsić 222
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Locally Moore graphs

Theorem [JK’00]. A graph whose local graphs

are Moore graphs is 1-homogeneous iff it is one
of the following graphs:
• the icosahedron ({5, 2, 1; 1, 2, 5}),
• the Doro graph ({10, 6, 4; 1, 2, 5}),
• the Conway-Smith graph ({10, 6, 4, 1; 1, 2, 6, 10}),
• the compl. of T (7) ({10, 6; 1, 6}).

6
3

30

4

4
1

21

2

2
16

2

34
3

1

6

61
2

3

1

1 3

4

1
1 2

2 2

0

1
1

1
1 22

1

1

1

11
1

1
1

1

1

1

0

1

1

11 1

1
1

1
1 1

1 1
1

2

2 2

2 1 24

4

6
3

12

6 12

12

126

3

6
3

1

21
1

2 2

1
1

2
0

2
1 3

3

2
3

3

2241
2

1

0

2
2

2

1

1

1

2
2

2

2 1

4 0

4

1 2

0 3

66
1

1

6 1
2

4 2 1
2

2 2

2
2

21 4

2

1

1
21

3 2 1

2
0

1

3

6 2 0

1

1

6
3

2
1

2

1 2 1

12 6

6 12

12 2
2

1

2
13

1

2

1

Aleksandar Jurǐsić 223
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Terwilliger graphs

A connected graph with diameter at least two is called
a Terwilliger graph when every µ-graph has the
same number of vertices and is complete.

A distance-regular graph with diameter d ≥ 2 is a
Terwilliger graph iff it contains no induced C4.

Corollary [JK’00]. A Terwilliger graph with c2≥2

is 1-homogeneous iff it is one of the following graphs:
(i) the icosahedron,

(ii) the Doro graph,

(iii) the Conway-Smith graph.
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