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.Chapter 1.

TISTICS?
W' MlJl7l7l' Tj.lROlJGj.I lIF' MAKING Cj.lOIC'S

8AS'17 ON INCOMPLliTh INFORMATION•••



~~"f- ""Ave you };vS,R

H~D i~~ $OlW \-\SRe ON
/>.~ OFF ~IGI-\T?

FOR I;;XAMPL.I;;, IN 1996, TI-ll;; $PAtl;; $I-lUTTL.I;; CJlALLENGER I;;XPL.Ol71;;l7, K/L.L.ING
$GVI;;N A$TRONAUT$. TI-ll;; l71;;tl$ION TO L.AUNtl-l IN Z9-l71;;GRI;;I;; WI;;ATI-ll;;R I-lAl7
BI;;I;;N MAl71;; WITI-lOUT l70/NG A $IMPL.I;; ANAL.Y$I$ OF PI;;RFORMANtl;; l7ATA AT
L.OW Tj;MPI;;RATURI;;.

TI-l/$ 1$ NOT JU$T A MATTI;;R OR
ORl71;;RING $OUP! $TAT/$T/t$ AL.$O
INVOL.VI;;$ MATTI;;R$ OF LIFE ANI)
I)EATJI.••

\ I 'I
MRM ... COUI..P 'Iou ,ll
J~T ~Rlf..\b MS ~ !~

CAleI1I..ATON? ,(I
,I

(~
M~T OF U$ L./VG
tOMFORTABL.Y WITI-l $OMG
L.GVGL. OF UNtGRTA/NTY.

WI-lAT MAKG$ $TAT/$Tlt$ UNIQUI;; 1$ IT$ AB/L.ITY TO QUANTIFY UNtl;;RTA/NTY,
TO MAKI;; IT PRI;;tl$I;;. TI-lI$ AL.L.OW$ $TAT/$Tlt/AN$ TO MAKI;; CATEGORICAL
~TATEMENT~, W/TI-l tOMPL.j;TI;; M$URANtl;;-ABOUT TI-ll;;/R L.GVI;;L. OF
UNtl;;RTA/NTYI

GOOl7 tI-lOltl;;! I'M 91)%
tONF/l71;;NT TI-lAT TONlGJlT'~

$OUP I-lA$ PROBAB/L./TY
B~I;;I;;N 73% ANl7 77% OF
BI;;ING REALLY I)ELlCIOU~!

A MORI;; P~/T/VI;; I;;XAMpL.I;; 1$ TI-ll;; ~ALK POLIO VACCINE. IN 191}4, VAalNI;;
TR/AL.$ WI;;RI;; PI;;RFORMI;;l7 ON $OMI;; 400,000 tl-llL.l7RI;;N, WITI-l $TR/tT tONTROL.$
TO I;;L./M/NATI;; B/A$I;;l7 RI;;$UL.T$. GOOl7 $TATI$TltAL. ANAL.Y$I$ OF TI-ll;; RI;;$UL.T$
F/RML.Y I;;$TABL./$I-ll;;l7 TI-ll;; VAa/NI;;'$ I;;FFI;;tT/VI;;NI;;$$, ANl7 TOl7AY POL./O 1$
AL.M~T UNKNOWN.



Cj.lAPTI;R 6 INTRODUCI;~ ONI; OF Tj.lI;
~TAT/~T/C/AN'~ I;~~I;NT/AL. PRO­
CI;DURI;~, TAKING ~AMPLIi~ OF A
I..ARGI; POPUL.ATION.

IN Cj.lAPTI;R 3, WI; ~TUDY Tj.lI; L.AW~ 0
PROBAB/L.ITY IN Tj.lI;/R B/RTj.lPL.ACI;, Tj.lI;
GAMBLING DI;N.

IN UIAPTr;R 7 ANI7
er;yOND, wr; Dr;stR/er;
1-t0W TO MAKr;
STAT/ST/tAL. INFr;Rr;Ntr;S
IN SUtl-t tOMMON R~l.­

WORL.17 ARr;NAS AS
ELECTION POLLlN~,

IMNIJFACTIJRIN~ QIJALITY
CONTROL. MEf)lCAL
TE~TIN~.

ENVIRONMENTAL
MONITORIN~. RACIAL
"A~. ANI7 Tl-tr; LAW.

Cj.lAPTI;R~ 4 AND t; ~j.lOW uow TO
DI;~CR/BI; Tj.lI; WORL.D W/Tj.I
PROBABILITY MOf)/;L~. U~/NG Tj.lI;
CONCI;PT OF Tj.lI; RANf)OM VARIABL/;.

IN Cj.lAPTI;R :t, WI;'L.L. L.OOK AT A
~/MPL.I; DATA ~j;T, Tj.lI; RI;PORTI;D
WI;/Gj.lT~ OF A BUNCj.I OF COL.LI;GI;
~TUDI;NT~.

IN Tl-t/S WOK. wsu, L.OOK AT AL.L. TI-tRr;r;, AS APPL.lr;D TO A W/I7r; VARlm OF
SITUATIONS WI-tr;Rr; STAT/STltS PL.AYS A tRUtIAL. ROL.r; 'N Tl-tr; MODr;RN WORL.I7.

Tl-tr; L.AWS OF tI-tANtr;, IN
ANI7 our OF Tl-tr; aSINO;

51 lislical
inference
Tl-tr; Stlr;Ntr; OF I7RAWING
STATIST/tAL. tONtWSIONS
FROM spr;tlFlt I7ATA. USING A
KNOWL.r;I7Gr; OF PROeAelL.liY.

la
analysis
Tl-tr; GATI-tr;RING, 17/SPL.AY, AND
SUMMARY OF DATA;

r a iii

ro AUOMPL./SI-t rl-tr;/R F~rS OF MArl-tr;MArltAL.
L.r;Gr;RI7r;MA/N, SrArlSrlt/ANS Rr;L.Y ON TI-tRr;r;
Rr;L.Arr;17 I7ISt/PL.INr;S:
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.CHAPTER 2.

ESC I I

~ our o~ 4 'PoGloRS
RECoMf(\~V MOl 8E/"'lfVtNb
AN-'( ~"~16N\1;;"" 6;bINAIN.& "

~HTt' ((; OOT OF 4 OOc.TO~'$...

IN WI-IAT FO~~OW~, W(; TRY TO PR(;~(;NT TJ..I(; (;~(;M(;NT~ OF ~TATI~Tlt~ A~

GRAPl-lltA~~Y ANl7 INTUITIV(;~Y A$ P~~ISI..(;. A~~ YOU N(;(;l7 TO G/;T TJ..IROUGI-I
IT I~ A ~ITT~(; PATIENCE, ~M(; TJlOUGJlT, ANl7 A t(;RTAIN TO~(;RANt(; FOR
ALGEBRA-OR, IF NOT TI-IAT, TJ..I(;N MAYS(; A CO()R~E REQUIREMENT!!

OUR I-IUMS~(; OPINION I~ TJ..IAT LGARNING A J..ITTLE MoRE ABOUT TJlE
~UBJEcr MIGI-IT NOT S(; ~Utl-l A SAl7 Il7(;A... ANl7 TI-IAT'~ WI-IY W(; WROT(; TI-II~

BOOK!

FINA~~Y, IN l71~tU~~ING

~TATI~Tlt~, IT'~ I-IARl7 TO
AVOll7 M(;NTIONING ON(;
OTJ..I(;R TJ..IING: TJ..I(;
WIl7(;~PR(;Al7 M/~TRU~T OF
~TATI~Tlt~ IN TJ..I(; WOR~l7
TOl7AY. E\!(;RYON(; KNOW~
ABOUT "~YING WITI-I
~TATI~Tlt~," WI-II~(; GOOl7
~TATI~TltA~ ANA~Y~I~ I~

N(;AR~Y IMP~~IS~(; TO FINl7
IN l7AI~Y ~IF(;. WI-IAT'~ ON(;
TO l70?



I'ATA AR(; nt(; STATISTllIAN'S
RAW MAT(;RIAL., TH(; NUMB(;RS W(;
US(; TO INT(;RPR(;T R(;AL.ITY. AL.L.
STATISTltAL. PROBL.(;MS INVOL.V(;
(;ITH(;R TH(; lOL.L.(;crION,
D(;SlRIPTION, AND ANAL.YSIS OF
DATA, OR THINKING ABOUT TH(;
lOL.L.(;crION, D(;SlRIPTION, AND
ANAL.YSIS OF DATA.

H(;R(; IS SOM(; R(;AL. DATA:
AS PART OF A lL.ASSROOM
t;XP(;RIM(;NT, 9Z P(;NN $TAT(;
STUD(;NTS R(;PORT(;D TH(;IR
W(;I6-HT, WITH TH(;S(;
R(;SUL.TS:

MAL.(;S

140 Wi 160 190 177 167 170 190 197 1~ 160 177 1'H 147 170 177 177 170 190 137
170 171 130 197 190 177 170 177 Z17 170 147 177 177 170 177 170 190 160 137 160
130 177 170 149 177 170 140 190 190 147 170 164 140 14Z 136 1Z3 177

GmIN6- RI6-HT DOWN TO BUSIN(;SS, W(; DRAW A {JOT PLOT: ON(; DOT P(;R
STUD(;NT 6O(;S OV(;R (;AtH STUD(;NT'S R(;PORT(;D W(;I6-HT.

F(;MAL.(;S

140 1Z0 130 139 1Z1 1Z7 116 147 170 11Z 1Z7 130 1Z0 130 131 1Z0 119 1Z7 137 1Z7
119 1ZZ 117 1M 117 170 110 116 109 97 1Z7 133 110 170 109

W(;L.L., TO D(;SlRIB(; DATA, TH(; FIRST nllN6- YOU N(;(;D IS SOM(; ACfUAL. DATA
TO D(;SlRIB(;.•• SO L.(;T'S zouszr SOM(; DATA!

100

... ... .... ...........
i I

· .· .· .· .· .· II..· ..... .· . . . . .. .· ... . . .. .
......... • D .

Iii i I

150

Weight in Pounds

···. . .
200

9

YOU MAY S(;(; A PROBL&M H(;R(;:
TH(; lL.UMPS AT ';1:1 AND 1;;
POUNDS. nl(; STUI'(;NTS T(;ND(;D
TO R(;PORT TH(;IR W(;I6-HT IN
FW&-POIJN{J INCR&M&NT~. IN
R(;AL.-L.IF(; SITUATIONS L.IK(; THIS
ON(;, SUlH ROUNDIN6- OFF tAN
OBSlUR(; 6-(;N(;RAL. PATT(;RNS IN
DATA.•• BUT FOR NOW, W(;'L.L. JUST
WORK AROUND IT.



W~ tAt-l SlJMMARIZ~ nl~ PATA WITl-I A FREQUENCY TABLE. DIVIP~ Tl-I~ t-llJMS~R

L.lt-l~ It-lTO It-lT~RVAL.S At-lP WlJt-lT Tl-I~ t-llJMS~R OF STlJP~t-lT WI;I6-l-ITS WITl-Ilt-l
/;At:l-I It-lT~RVAL.. Tl-II; FREQUENCY IS Tl-I~ WlJt-lT It-l At-lY 6-IV~t-l It-lT~RVAL.. Tl-I~

RELATIVE FREQUENCY IS Tl-I~ PROPORTIOt-l OF W~I6-l-ITS It-l /;At:l-I It-lT~RVAL.,

I.~., IT'S Tl-I~ FR~QlJ~t-ltY PIVIP~P BY Tl-I~ TOTAL. t-llJMS~R OF STlJP~t-lTS.

It-l Tl-I~ FR~QlJl;t-ltY TASL.~, W~ AR~ Sl-IOWIt-l6- l-IOW MAt-lY PATA POIt-lTS ARI;
"AROlJt-lP" /;At:l-I VAWI;. W~ tAt-l 6-RAPl-I Tl-IIS It-lFORMATIOt-l, TOO. Tl-I~ RI;SlJL.TIt-l6­
SAR 6-RAPl-I IS tAL.L.~P A #/~TOGRA/It. EAtl-l SAR tOV~RS 'At-l INT~RVAL. At-lP IS
t~NT~R~P AT Tl-II; MIPPOIt-lT. Tl-I~ SAR'S l-I~l6-l-IT IS Tl-I~ t-llJMS~R OF PATA
POIt-lTS It-l Tl-I~ It-lT~RVAL..

I II
I ,

CL.ASS It-lTI;RVAL. MIPPOIt-lT FR~QlJ~t-ltY R~L.ATIV~ FRI;QlJ~t-ltY

91.?-101.4 .011
25

9? 1
101.?-111.? 110 9 .099 20
111.?-1~1.4 11? 19 .106 15
1~1.?-141.4 140 17 .19? 10
147.?-161.4 1?? 17 .19~

161.?-171.4 170 9 .097 5
171.?-191A 19? 9 .097 0
191.?-101.? 100 1 .011
101.?-111.4 11? 1 .011

TOTAL. 91 1.000

100 150

Weight in Pounds

200

NOT~: W~ K~PT Tl-I~ It-lT~RVAL. 8OlJt-lPARI~S AWAY FROM Tl-IOS~ TROlJSL.~SOM~

?-POlJt-l17 MlJL.TIPL.I;S. Tl-IIS 6-~S AROlJt-lP Tl-II; STlJP~t-lTS' R~PORTIt-l6- SIAS.

200150

Weight in Pounds

100
0.0

0.1

0.2

W~ tAN AL.SO PRAW A RELATIVE FREQUENCY #/~TOGRAM, PL.OTTIt-l6- Tl-I~

R~L.ATIVI; FRI;QlJ~t-ltY A6-AIt-lST Tl-I~ W~I6-l-IT. IT I..OOKS ~XACTL.Y Tl-I~ SAM~,

I;Xt~PT FOR Tl-II; V~RTltAL. StAL.~.

~
~),.".- -........

I'M 99% SlJR~

/T'S SORT OF
L.AR6-~•..

FOR A L.AR6-1; PATA
sr;;r, lJS~ MOR~

It-lT~RVAL.S!

FOR A SMAL.L. PATA
S~, lJS~ A SMAL.L.
t-llJMS~R OF
INT~RVAL.S.

3)

2)

GlJIP~L.It-l~S FOR FORMIt-l6- Tl-I~ tL.MS It-lT~RVAL.S:

I) US~ It-lT~RVAL.S OF
~QlJAL. L.1;t-l6-Tl-I WITl-I
MIPPOIt-lTS AT
Wt-lV~t-lI~t-lT ROlJt-lP
t-llJMS~RS.

10 11



ANI7 SOMl;ilMI;S, PART
POLlTlC~!

CRUSA171NG NURSI; FLOf({;NC{; NIGJ.lTINGAL{;
tDMPII..I;17 fi40RTALITY ~TATI~TIC~ FROM
BRITISH M/I..ITARY HOSPITAI..S, PROI7UtlNG
SHOtKING HISTOGRAMS I..IKI; THIS ON1;:
THI; RA171AI.. AXIS
INI71tATI;S I7I;ATHS-IN
HOSPITAI..S AS WI;I..I.. AS
ON THI; BAiil..I;FII;I..I7­
OF BRITISH SOI..I7"RS
IN THI; CRIMI;AN WAR.

GOOI7 GRAPHIt 171SPL.AY IS PARi
ART ANI7 PART Stll;Ntl;

HI;R STATISTltAl.. I;FFORiS 1..1;17
171RI;a1..Y TO IMPROVl;17 HOSPITAl..
tDN171TIONS ANI7 A RI;I7UalON' IN THI;
I7I;ATH RATI;.

AND FINALLY, PUT Tl-/r; "Lr;AVr;~" IN
ORDr;R.

9:7
10: 299
11 : 002776699
12 : 00012'377777
1'3 : 000001'3777699
14 : 00002777779

.17 : 0000000000'3777777777?7
16: 000047
17: 000077
19: 0007
19: 00007
20:
21 : 7

~Tr;M : LGAV(;~

9 :
10 :
11 : 629
12 : 0177007
1'3 : 090017
14 : 07
17 : 0
16 :
17 :
19 :
19 :
20 :
21 :

ALL TI-IO~(; Z(;ROr;~ AND F/vr;~ 'L(;ARLY
~I-IOW Tl-lr; ~TlJDr;NT~' R(;PORTINb SIA~1

NOW ADD Tl-lr; FINAL D/blT OF (;Al1-I
Wr;IbI-lT IN Tl-lr; APPROPR/ATr; ROW:

nll~ STATISTltlAN JOJ.lN TUKIiY
INVI;NTI;17 A QUltK ~AY TO
SUMMARIZI; I7ATA ANI7 STIl..I.. KI;I;P
n'I; IN171VI17UAI.. I7ATA POINTS. IT's
tAI..I..I;17 THI; ~TEAi-ANf)-LEAF
I7IAGRAM.

9 : 7
10: 299
11 : 629977060
12 : 0177'3007727
1'3 : 970097060017'3
14 : 07707790702
17 : 707'3707707707070700700
16: 070004
17: 077000
19: 0700
19: 00700
20:
21: 7

FILLr;D IN, IT LOOK~ L/Kr; TI-I/~:

FOR nu; Wr;IbI-lT DATA, Tl-lr; ~Tr;M I~ A
tOLUMN OF NUMsr;R~, tON~/~T/Nb OF
Tl-lr; Wr;,bI-lT DATA tOUNTr;D SY Tr;N~

(I.r;., wr; Lr;AVr; OFF Tl-lr; LMT DlblT).

9
10
11
12
1'3
14
17
16
17
19
19
20
21



NOW WG MOVG FROM PICTURG$ TO FORMUL.M. OUR 08JGCT 1$ TO GGT $OMG
$IMPL.I;; M!;;A$URI;;MI;;NT$ OF TI-II;; CRUDI;;$T CI-IARACTI;;RI$TIC$ OF A $GT OF DATA....

5 1511 5 A $MAL.L. $GT OF n :: r; DATA POINT$ MAKG$ TI-IG 800KKGGPING !;;A$Y.
$UPPO$G, FOR GXAMPL.I;;, WI;; MK FIVG PI;;OPL.G I-IOW MANY I-IOUR$ OF
TEL(;V/~/ON TI-II;;Y WATCI-I IN A WI;;I;;K... AND GGT TI-IG FOL.L.OWING ARRAY:

60
'=-T

'zl +,zz + ... +'zn'=-------n

~ '=- $UM OF PATA
n

WI-IAT'$ TI-II;; "CGNTI;;R" OF
TJ.lG$G DATA? TJ.lGRI;; ARG
ACTUAL.L.Y $GVGRAL.
PIFFGRGNT WAY$ TO
M!;;A$URG IT. WG'L.L. WOK AT
JU$T TWO OF TJ.lI;;M.

FOR OUR G){AMPL.G,

5+1+3+39+1
~:

5

~ 12. ~OUR$

(OR "AVI;;RAGI;;")

TJ.lG MEAN OR AVI;;RAGG VAWG 1$ RGPRG$GNTGD
8Y 3i... IT'$ 08TAINI;;D 8Y ADDING AL.L. TJ.lG DATA AND
DIVIDING 8Y TJ.lG NUMBGR OF OB$GRVATION$:

0 08SI;;RVATION 1 1 ~ 4 Ii
JC~S~mbolic DATA VALUI;; Ii 1 ~ ~9 1~= Movers

"from one side ofthe~~qllaliOn 10the other"

N~RR~O'"•$PRE.p..b

'------

4 n
,z'9 'zn'

\NIPE ,,-a,",l1:~ t-l€jl..~ )4t;Rt

S~RE~" ~

rr:n-ill [~

08$GRVATION 2 3

DATA VAWG 'z1'zZ'z3

AN ARRAY 1$ A TA8L.G OF DATA:

A$ TI-IG VAWG$ WG 08$GRVG. TI-IU$, n 1$
TI-IG TOTAL. NUM8GR OF DATA POINT$, AND
'z4 ($AY) 1$ TI-IG VAWG OF TI-IG FOURTI-I
DATA POINT.

WI;; CAN GO A L.ONG WAY WITI-I A L.ITTL.I;; NOTATION. $UPPO$G WG'RG MAKING A
$I;;RIG$ OF 08$I;;RVATION$... n OF TI-II;;M, TO 81;; I;;XACT... n-lI;;N WI;; WRITI;;

ANY $GT OF M!;;A$URI;;MGNT$
I-IM TWO IMPORTANT
PROPGRTIG$: TI-IG CENTRAL
OR TYPICAL VALUE, AND
TI-IG ~PREA/) AWUT TI-IAT
VAWG. yOU CAN $1;;1;; TI-IG
ID!;;A IN TI-IG$I;;
I-IYPOTI-IGTICAL. I-II$TOGRAM$.

14



1

I~ ANOTI-IGR KINI7 OF CGNTGR: Tl-IG
"MII7POINT" OF TJ.lG I7ATA, I..IKG TI-IG
"MGI71AN ~TRIP" IN A ROAI7.

t; 1
r

I

TO FINI7 Tl-IG MG171AN
VAI..lJG OF A I7ATA ~/;T,

WG ARRAN60G TI-IG I7ATA
IN ORI7GR FROM
~MAI..I..G~T TO I..AR60G~T.

TI-IG MG171AN I~ TI-IG
VAI..lJG IN TI-IG MII7I7I..G.

IF TI-IG NUMBGR OF POINT~ I~ EVEN-IN WI-IICI-I CMG TI-IGRG I~ NO MII7I7I..G WG
AVGRAbG TI-IG TWO VAI..lJG~ AROUNI7 TI-IG MII7I7I..G... so IF TI-IG I7ATA ARG '

AND READ IT AS
·T~E SUM OF .%i
AS i 60ES FROM
1 TO no"

n

FOR T~E SUM .%, +.%1 + ... +'%n WE
WRITE

~O... TO RGPGAT, TI-IG AVGRAbG, OR MEAN, OF A ~GT OF I7ATA .%i I~

WE ~AVE A S~ORT~AND FOR T~AT

.%, +.%1 + ... +'%n USING nil; GRI;I;K
tAPITAL. u;m;R ~'~IM, FOR SUMMATION:

nll~ 6olVG~ U~ A 6oGNGRAI.. RUI..G: ORI7GR TJ.lG I7ATA FROM ~MAI..I..GST TO I..AR60GST.

IF TJ.lG NUMBGR OF I7ATA
POINT~ I~ 01'1', TI-IG MG171AN
I~ TI-IG MII7I7I..G I7ATA POINT.

IF TJ.lG NUMBGR OF POINT~ I~

bV&N, TI-IG MG171AN I~ TJ.lG
AVGRAbG OF TJ.lG TWO I7ATA
POINT~ NGARG~T TI-IG MII7I7I..G.

n n ~ Ii 1 1
Xi :iti

WG AVGRAbG t; Ii + 1 $6
....... fl ANI7 7 TO 60GT 2-

.It i -:::.1 -- OR n MIDDL.E- n i -::;. 1
SPAtE

--
14?'.1?' POUN~

17



WI-IY MOR~ il-lAN ON~ M~SUR~ OF il-l~ t~Ni~R? EAtI-l I-IM At7VANiAG~S. FOR
~XAMPI..~, il-l~ IttEP/AN IS NOT S~NSliIV~ ro Of)TLlER~, OR ~XiR~~ VAI..U~S

NOT iYPltAI.. OF il-l~ R~Si OF il-l~ t7AiA. $UPPOS~ IN OUR SMAI..l.. iV­
WAitl-llNG GROUP, ON~ P~RSON WAitl-l~S zoo I-IOURS P~R W~~K, il-l~N OUR
t7AiA AR~ 3, t;, 1, 1, 200. il-l~ M~t71AN, 1, IS UNtI-lANG~t7, BUi il-l~ M~N IS
NOW ;t ::-. 4~(J!

FOR nil; n "'92 SiUt7~Ni W~IGl-liS,

W~ tAN FINt7 il-l~ M~t71AN FROM il-l~

ORt7~R~t7 Si~-ANt7-I..~F t71AGRAM:
JUSi tOUNi ro il-l~ 46TI-l

OBS~RVAilON. il-l~ M~t7/AN IS

14'J + 14'J
~

Z

~ 14~ POUND?

9:r;
10: 2BB

11 : 002t;t;66BB

12 : 000123r;t;t;t;t;

13 : 0000013?r;t;6BB

14 : 00002r;r;t;" B
1t; : 00000000003t;t;t;t;t;t;t;t;t;?1

16 : 00004t;

11 : ooooss
1B : 000t;

19 : OOOOt;

20:

21 : t;

MEASURES OF

5 E
B~SIt7~S KNOWING il-l~

t~NiRA\.. POINi OF A t7AiA
S~, W~'t7 AI..SO I..IK~. ro
t7~StRIB~ il-ll; t7AiA'S
~PREAf), OR I-IOW FAR
FROM il-l~ t~Ni~R il-l~

t7AiA il;Nt7 ro RANG~.

FOR INSiANt~, IF il-l~

SiUt7~NiS AI..l.. W~IGI-II;t7

EXACTLY 14? POUNt7S,
il-l~RI; WOUI..t7 B~ NO
SPR~t7 Ai AU•.
NUM~RltAI..I..Y, il-ll; SPR~t7
WOU\..t7 131; ZERO, ANt7 il-l~

I-IISiOGRAM WOUI..t7 B~

SKINNY,

BUi IF MANY OF il-l~ SiUt7~Ni~ W~R~ V~RY I../Gl-li ANt7/0R VI;RY I-I~VY,

OBVIOUSI..Y W~'t7 S~~ SOM~ SPR~t7-SAY, IF il-l~ FOOTBALL TEAM WAS PARi
OF il-l~ SAMPI..~...

il-l~ I-IISiOGRAM WOUI..t7 B~ Wlt7~R, SOM~I-IING I..IK~ il-llS:

IN 19B4 il-l~ UNIV~RSliY OF VIRGINIA ANNOUNt~t7

il-lAi liS D~PARiM~NiOF RI-I~ORlt ANt7 WM­
MUNltAilONS GRAt7UAi~S' IttEAN ~TART/NG ~ALARY

WM j~~,PIJIJ, il-l~ OUiI..I~R, il-l~ SA\..ARY OF N.BA.
t~Ni~R RALPJI ~AlttP~ON, t71t7 NOT R~PR~S~Ni il-l~

~RNING POW~R OF A BA. IN SP~~tl-l FROM U. OF V.
(il-l~ M~t71AN SAL.ARY WASN'i PUB\..ISI-I~t7.)

19 19



..

\ i ,\-, t" i \ t \ \ I

.. BOX-AND-..

.. WI-lISKr;RS
PL.OiS ARr;

~
r;SPl;lIAL.L.Y
GOOD FOR
SI-lOWING OFF
DIFFr;RI;Nlr;s
SI;iWGGN

eO GROUPS.

1.1

t ,I ,
13$ II(( 'SS 2.00

CD

iii 1 t
I'l.~ l''ll:l r~c; /40 ,,,t;. I~O l~

FINAL.L.Y, EXil;ND ·WI-IISKGRS· OUi ro il-lr;
FARiI-lr;Si POINiS ner ARr; NOf OUiL.II;RS
(1.1;., Wlil-liN 1.7 IQR OF il-lG QUARiIL.r;S).

JOI-IN iUKbY INVI;Nil;D ANOiI-lGR KIND OF
DISPL.AY ro SI-IOW OFF TI-II; IQR, lAL.L.r;D A
'OX ANP WJII~KIiR~ PL.Oi. il-lG SOX'S
GN17S ARG il-lr; QUARiIL.GS Ql AND Q3' wr;
DRAW il-lr; MI;DIAN INSIDG il-lr; SOX.

Q1 Q~

[ ~ \

IF A POINi IS MORI; il-lAN 1.7 IQR FROM
AN GND OF il-ll; SOX, Ii'S AN OIJTLlIiR.
DRAW il-lG OUiL.II;RS INDIVIDUAL.L.Y.

AbAIN, il-liS IS il-lr; DIFFGRI;Nlr;
SI;iWI;I;N nlG MGDIAN I-Ir;AVY
SiIJDr;Ni AND Mr;DIAN L.IGl-li ONG.

AND WG SI;G il-lAi

IQR ~ 1~' - 11~

~ 31 POON~

9:;
10: 299
11 : 002;;6699 It"
12: 00012*;~~;
1~ : 000001~;;;699
14: 00002;;;;;9
1;: 0000000000~;;;;;;;;;~7

16 : 00004'$ l'
17: 0000;; I
19: 000;
19: 0000;
20:
21: ;

I-IGRG'S il-ll; WGIGI-IT DATA
Wlil-l il-ll; MIDPOINiS OF
il-lG 1-11601-1 AND \..OW GROUPS
bMPI-IASIZGD:

..

....

it.·.••••

....

..

......

.....

\ J [ j [ \ [ 1. ,
:.~ ~;
I

il-ll; MI;DIAN OF il-ll; 1-11601-1
GROUP IS Tl-lr; il-llRD
QUARilL.l;, OR Q3-

FIND il-lG MGDIAN OF il-lG
\..OW GROUP. il-liS IS tAL.L.r;D
il-ll; FIRSi QUARiIL.G, OR Ql'

DIVIDI; il-ll; DAiA INiO rwo
I;QUAL. 1-11601-1 AND L.OW GROUPS
Ai TI-II; MI;DIAN. (IF il-ll;
MI;DIAN IS A DAiA POINi,
INlWDI; rr IN 801"1-1 il-ll; 1-11601-1
AND L.OW GROUPS.)

PUi TI-II; DAiA IN NUMI;RilAL.
ORDI;R.

I

NOW il-lr; INir;RQUARiIL.G RANGI; (IQR) IS il-lG DISiANlG (OR DIFFr;RGNlG)
SI;iWr;GN il-lbM:

4)

3)

1)

2)

il-ll; IDI;A IS ro DIVIDI;
il-ll; DAiA INiO FOUR
I;QUAL. GROUPS AND SI;I;
I-IOW FAR APARi il-ll;
I;XTRbMl; GROUPS ARI;.

AbAIN, TI-II;RI;'S MORI; TI-IAN ONI; WAY TO MI;ASURI; A SPRI;AD. ONI; WAY IS

I IE TILE E



~.....

THb OBVIOUS THING TO 170 IS TO
TAKb THb SQUARb ROOT, AND so Wb
170... TO I7bFINb:

BUT A SPRbAl7 MbASURb SHOU~17

HAVb nib SAMb IJNlT~ AS THb
OR/GINA~ DATA. IN nib
bXAMP~b OF Wb/GHTS, THb
VAR/ANCb S2 IS MbASURbl7 IN
POUNDS ~QIJARhlJ. .. ooors!

IE

bXtbPT THAT Wb USb THb ~QlJARh~ OF THb I7ISTANtbS INSTbAl7. THAT IS,
IF THb SQUARbl7 17/STANtb OF POINT ;tj TO ~ IS (;tj - ~)2, THbN

UN~IKb THb IQR, WHltH IS
BASbl7 ON Mb17/ANS, THb
STANDARD I7bVIATION MbASURbS
THb SPRbAl7 FROM THb MhAN.
yOU tAN THINK OF IT,
ROUGH~Y SPbAKING, AS THb
AVERAGE DISTANCE OF THb
DATA FROM THb MbAN ~ ...

THb STANDARD MbASURb OF SPRbAl7 IS THb

n

n!1L('zi-i)2
i~1

EVbN FOR SMAI..I.. DATA SbTS,
THb AR/THMbTlt CAN Bb
Tb17/0USl so NOWADAYS, Wb
JUST HIT THb ~ BUTTON ON
THb HAND CA~tUI..ATOR, OR
COt-.lSUI..T THb DATA RbPORT
Gbt-.lbRATbl7 BY A COMPUTbR
SOFlWARb PAtKAGb.

WHltH, FOR OUR SIMPl..b DATA SbT, IS

~ :r. ~2.14 ~ 14.6~
,

'X Ill1

:~" ,. ... '.. r : ~· : ~ :. ; . : &ii3.SOh' II. .

FOR TbtHNICA~ RbASONS, Wb USb n-1 IN
THb I7bNOMINATOR RATHbR THAN n, AND
I7bFINb THb ~AMPLh VARIANCh S2 AS

FOR THb DATA SbT {3 ? 7 7 39} I WITH ~ =' 12 AND n =' ? Wb CA~tU~ATb

THb VARIANCb:

n

AVbRAGb SQUARbl7 I7ISTANtb =' ~L('zi-;t) 2

i~ 1

~ 214

91 + 49 + 2? + 2? + 676

4



ANI7 NOW
FOR A R(;$T

FROM NIJMB(;R
'RLJN'HING!

LE:

200

: . :
I

2

Z score

Weight in pounds

150

I' :: . :::,..i L!.:!. ~ .!.Li • Ii : ; . i I

100

59points

92 points

89 points

FOR Nr;ARL.Y SYMMr;TRI£: MOUND-SJ.lAP(;D DATA Sr;TS, APPROXIMAT(;L.Y 69%
OF TJ.I(; DATA IS WITJ.lIN ONE STANDARD DI;VIATION OF TJ.I(; M~N AND 9~'1'0 OF
THE DATA IS WITJ.lIN TWO STANDARD DI;VIATIONS OF TJ.I(; M(;AN.

an E

FOR TJ.I(; W(;IGJ.lTS, OUR (;MPIRltAL. RUL.(; I-lOL.rJS UP PR(;JTY W(;L.L.: 64%
(~t;9191) OF TI-l' W"GI-lTS AR' WITJ.lIN ON' STANt?ARt? DI;VIATION OF TJ.I(;
M~N, AND 91% (~ 99191) OF TJ.I' W"GJ.lTS AR' WITI-lIN TWO STANDARt?
DI;VIATION~ OF TJ.I(; M~N.

and

1r~

... ~ . : . :J,
'j Hi j j

100 150 200

-2 -1 0 ;1 2
Z score

1.26

ertiesof

A STUD(;NT W(;IGJ.lING 111) POUNt?S J.lAS A Z-S£:OR(; OF

A ,z-S£:OR(; OF +2. M~NS TJ.lAT AN OSS(;RVATION IS TWO ~TANf)Af(f)

f)EVIATION~ ABOVE TUE /riEAN. FOR TJ.I(; W(;IGJ.lT t?ATA ('z""145.2ANt?
S""2.3.1), W(; tAN PL.OT TJ.I(; DATA ON TJ.I(; ORIGINAL.;t-A){IS IN POUNt?S AND
TJ.I(; ,z-S£:OR(; AXIS SIMUL.TAN(;OUSL.Y.

IT'S OFT(;N US(;FUL. TO KNOW J.lOW MANY STANt?ARt? t?I;VIATIONS A t?ATA POINT
IS FROM TJ.I(; M(;AN. W(; t?(;FIN(; Z -~COf(E~, OR STANt?ARt?IZ(;t? S£:OR(;S, AS
t?ISTAN£:(; FROM ,z PEf( ~TANf)Af(f) f)EVIATION.

nil; M~N ANt? STANt?ARt?
t?I;VIATION AR(; V(;RY GOOt?
FOR SUMMARIZING TJ.I(;
PROP(;RTI(;S OF FAIRL.Y
~YM(;Tf(ICAL U/~T06f(AIM

WITUOUT OIJTLlEf(~I.(;.,

J.lISTOGRAMS SJ.lAP(;t? L.IK(;
MOUNt?S.



W'V' tOM' A ~ON60 WAY IN nll~ t~APT'R! SiART/N60 Wli~ A UNOR60ANIZ,17
PI~' OF NUMS'R~, W' ~AV':

.Chapler 3.

ILl

'NtOUNi~R'17 MOUNI7-~~AP'17

4) ~I~i060RAM~ ANI7 Z, A VARIA8~'
i~Ai INl7ltAi'~ ~OW MANY
~iANI7ARI7 17~IAilON$ YOU AR'
FROM i~' M~N.

1 ) FOUNI7 ~~'RA~ 171FF'R'Ni
WAY~ ro I7I~PUY i~~

3) M~~UR'17 i~' ~PR~17 OF HI'
I7AiA AROUNI7 i~' t'Ni'R IN
TWO I7IFF'R'Ni WAY~

L.OOK'17 Ai TWO I7IFF'R'Ni
2) toNt'PT~ OF i~' t'Ni'R OF

I7AiA, iH' M'I7IAN ANI7 i~'

M~N

NOW, IN ORI7'R ro PROS' i~' 8'~AVIOR OF I7AiA MOR' 17"P~Y, W"R' 6oOIN60
ro MAK' A urns I7~OUR INiO i~' R~~M OF RANf)OMNE~~... A ~ANI7 W~'R'

i~/N60$ ALWAY~ WORK our IN i~' ~ON60 RUN, ANI7 W~~R' i~' ON~Y ~AW I~

i~' ~AW OF i~' GAMBLING CA~/NO •••

..... ....~ .
.....,;p. ~_ ... -

21



AL.T~OU60J.l PA$tAL. ~A~ r;ARL./I;R
6o/VI;N UP MAT~r;MATIC$ M A FORM
OF $I;XUAL. IN~UL.60I;NCI; (I), HI;
A60RI;I;~ TO TAtKL.1; ~I; MI;RI;'$
PROBL.r;M.

•!'e/>.R -PIeRRE,
W+4p<T A 8eAUT(rUt..
Tt\WR'f W~ COtx.t>
~~VE., (f Ottt..'of
OM\:: OF U~

CO()("l' t>~W .~."

nil; C~r;vAL./I;R RI;A~ONI;~

T~AT T~I; AVI;RA601; NUMBI;R
OF ~ual;~~FUL. ROL.L.~ WA~

T~I; ~AMI; FOR 80TH 6oAMBI.I;~:

tH~N'f .OF ot-t~ ~I)( ';. ~

M~l<AI% NUMI3ER II'!
foUR ROL~S ':. 1-. (~) ::: ~
("I\~t~ Of DOUlJLE ~
?I't. If-l W~ ROLl,.. -:. '3b

A"a<p..~ ~UMI3t;R Ir-l 2­
2.4 ROLL? -:. 24· (~~I ~ .3

W~Y. T~I;N, ~/~ HI; LO~E
/ltORE OFTEN W/T~ T~I;

~I;CON~ 6oAMBL.I;???

DI; MI;RI; PUT T~I; QUI;~T/ON TO ~I~ FR/I;N~. THI; 6oI;NIU~ 8LA/~E PA~CAL .
(162~-1666).

PMtAL. WROTI; ~/~

FI;L.L.OW 6oI;N/U~ PIERRE
PE FEHIMT, AN~ W/T~/N

A FI;W L.mI;R~. THI;
TWO ~A~ WORKI;~ OUT
T~I; T~I;ORY OF
PROBAB/L./TY IN IT$
MO~I;RN FORM-I;XCI;PT,
OF COUR$I;, FOR T~I;

tARTOON$.

,..-., ... --........,.
/W~AT'~ L./KI;L./I;R:
I ROL.L.IN60 AT L.I;MT ONE

I ~/X IN FOUR TJ.lROW~ OF
A ~/NGLE PIE, OR

\

ROL.L.IN60 AT L.r;A~T ONE
POU8LE ~/X IN U
TJ.lROW~ OF A PAIR OF
PICE?

"---------

T~I; ROMAN r;MPI;ROR CLAUPIlJ~ (10 13CI;-?4 CE) WROTI; T~I; FIR~T KNOWN
TRr;AT/~1; ON 6oAMBL.IN60. UNFORTUNATI;L.Y. nll~ BOOK, "HOW TO WIN AT DICI;,"
WM L.~T.

N080DY KNOW~ W~I;N

6oAMBL.IN60 BI;60AN. IT
6001;~ BACK AT L.r;A~T A~

FAR A~ ANCIENT EGYPT,
W~I;RI; ~PORTIN60 MI;N
AN~ WOMI;N U~I;~ FOUR­
~I~I;~ "A~TRAGALI"

MA~I; FROM ANIMAL.
~1;1;L.80NI;~.

MO~I;RN ~/tl; 6oRI;W POPUL.AR IN T~I; MI~~U; A601;~, IN TIMI; FOR A RI;NAI~­

~ANCI; RAKI;. T~I; CJ.lEVALlER PE /ltERE, TO P~I; A MAT~r;MATICAL. PUlZL.I;R:



AT .,OMG POINT. WG J.lAVG TO .,TOP
L./.,T/NG. AND .,TART TJ.lINK/NG...

AND FOR A PAIR OF 171tG. TJ.lG .,AMPL.G .,PACG L.ooK., L./KG TJ.l/., (WG MAKG ONG
DIG WJ.l/TG AND ONG SL.AtK TO TGL.L. TJ.lGM APART):

I;lrelre;lree1fi;iJr:1l
L:JU~U~LliJ

TJ.l/., .,AMPL.G .,PACG
J.lA., 16 (6X6)
GL.GMGNTARY OUT­
COMG.,. FOR TJ.lRGG
D/tG. TJ.lG .,PAtG
WOUL.D J.lAVG 216
GNTRIG.,. A., IN TJ.l/.,
6X6X6 .,TACK. AND
FOUR PICG?

*?~Ub0
~1

BASIC DEFINITIONS
M OUR GAMSL.GR PL.AY., A GAMG. WG PL.AY
.,tIGNT/.,T. OS.,GRV/NG TJ.lG OUTtOMG:

A random experiment
'" TJ.lG PROtG.,., OF OS.,GRV/NG TJ.lG
OUTtOMG OF A tJ.lANtG GYGNT.

TJ.lG elementary
outcomes ARG AL.L. PO'$-
."SL.G RG.,UL.T., OF TJ.lG RANDOM GX­
PGRIMGNT.

TJ.lG sample space '"
TJ.lG .,GT OR tOL.L.GaION OF AL.L. TJ.lG
GL.GMGNTARY OUTtOMG.,.

AND THI;; ~A/IIP~E ~PACE /'j THI;; 'jIT
WRITTI;;N

IF nu; I;VI;;NT WA'j A tOIN ross. FOR nIl;; EU;/riENTARY OlJTCo/riE~ ARI;;
I;;XAMPL.I;;. THI;; RANfJO/ri fiXPER//riENT HI;;A~ AND TAIL.'j...
tON'j/'jT'j OF Rl;;tORDINb IT'j
OVTtOMI;;...



NOW L.~'~ IMMoIN/; A
RAN170M /;)(.P/;RIM/;NT WITI-I
n /;L.(;M/;NTARY OUTtOM/;$
0" Oz, ... On' W/; WANT TO
A~$lbN A NUMERICAL
WEIGUT. OR PROBA8ILlTY,
TO (;Atl-! OUTtOM/;, Wl-lltl-l
M(;A~UR/;~ TI-I/; L.IK/;L.ll-loot7
OF IT$ OUURRINb. W/;
WRIT/; Tl-I/; PROSASJl..ITY OF
OJ AS p(Oj).

Wl-IAT IF OUR bAMSL./;R
CUEAT~ AND TI-IROW$ A
LOAfJEP PIE? FOR Tl-I/; ~AK/;

OF ARbUM/;NT, $UPPO$/; Tl-IAT
NOW A ON/; toMG$ UP ~~%

OF Tl-I/; TIM/; (IN Tl-I/; L.ONb
RUN).

(fJ

~---- -

FOR /;)(.AMPL./;, IN A FAIR tOIN
TOS$, l-I(;At7$ AND TAIL.$ AR/;
/;QUAL.L.Y L.IK/;L.Y, AND W/;
AS$lbN TI-I(;M SOTI-I TI-I/;
PROSASIL.ITY .?

EAtl-! OUTtOM/; toM/;~

UP l-IAL.F TI-I/; TIM/;.
ASK ANY FOOTBALL
PLAYER!

,... 0 _

" \ ...

Tl-I/; $AMPL./; SPAt/; 1$ TI-I/;
$AMG AS FOR A FAIR DI/;

{1, 1, ~, 4, '1, 6}

SUT Tl-I/; PROSASIL.ITI/;$ AR/;
DIFF/;R/;NT. Now P(1) =- .1..'1
AND Tl-I/; R/;MAININb
PROSASIL.TI/;$ ADD UP TO .75.
IF 1, ~, 4, ?, AND 6 W/;R/;
AL.L. /;QUAL.I..Y L.IK/;I..Y, TI-I/;N
(;Atl-l ON/; WOUI..D I-IAV/;

PROSASIL.ITY .1'1 '" ~(.~)

8 f:] [e.J ~~ rzJ 'i i1
.'l? .11) .15 .15 .I~ Il~

o
a
4

IN b/;N/;RAI.., /;L.(;M/;NTARY OUTtOM/;$ N/;/;t7 NOT l-IAV/; /;QUAI.. PROSASIL.ITY.

.....
ONE ~llLlON., ~ HIJ rJ1)I\E t)

MIL-LioN '" \\"'<:'1<•..I,oll-\EE"ZE.··

~~
~ \\

FOR IN$TANt/;,

P(9L.AlK Ii, WI-lITG 1..) =- 1
~6

Wl-lltl-l M(;AN$: IF YOU ROL.L./;D Tl-I/;
17ft/; A V/;RY L.ARb/; NUMS/;R OF TIM/;$,
IN TI-I/; L.ONb RUN TI-II$ OUTtOM/;

WOUL.t7 OUUR ;6 OF Tl-!/; TIM/;.

IN Tl-I/; ROL.L. OF TWO fJlCE, n-l/;R/; AR/; J6 /;L.(;M/;NTARY OUTtOM/;$, AL.L.

/;QUAL.L.Y L.IK/;L.Y, ro Tl-I/; PROSASIL.ITY OF Wl-I 1$ ~ .



Relative Frequency:
WI-l(;N AN I;Xp(;RIM(;NT CAN 8' R(;PGAT(;D,
TJ.lI;N AN (;v(;NT'~ PR08A8/L./TY I~ TJ.l1;
PROPORTION OF TIM'~ TJ.I' (;V(;NT
oaUR~ IN TJ.I(; L.ONG RUN.

-

~
8-DUI-l, 8-DUI-l...
I./;T'~ DI~tU~

~OM/;TI-lING GA~/(;R,

I./K(; GAY~ IN TI-l(;
MII./TARY...

'---

loIK~ A CL.GV~R POlolTICIAN, W~
l-lAV~ AVOID~D C~RTAIN

IJNPLbA~ANT C1lJb~TION~,

~UC~ A$ A) W~AT DO~~

PROBABllolTY lAbAN? AND
B) uow DO W~ A~~IGoN

PROBABIL.ITI~~ TO OlJfCOM~~?

Classical PR08A8/L./TY:
BA'S'17 ON GAM8L./NG II7~~, TJ.I(;
FUNI7AM'NTAL. A~~UMPT/ON I~ TJ.lAT
TJ.I' GAM' I~ FAIR AND AL.L.
'L.~'NTARY OUTlOM'~ J.lAVI; TJ.I'
~AM' PR08A8/L./TY.

00···
M"-"fA~f.4Y?leA l.. ~

$~COND, IF AN GV~NT I~ CbRTAIN TO I-IAPP~N, W~ A~~IGoN IT PROBABIL.ITY 1.
(IN TI-I~ L.ONGo RUN, Tl-lAT'~ Tl-l~ PROPORTION OF TIM~~ IT WI!..!.. OCCUR!)

IN PARTICUl.AR,
Tl-l~ TOTAL
PROBABILITY of
TUb ~M1PLb

~PACb MU~T B~ 1. IF W~ 170
Tl-l~ ~)(.P~RIM~NT, ~O/ribTUING

I~ roUND TO l-lAPP~N!

PROBABIL.ITI~~ AR~ NbVbR
Nb6ATlVb. A PROBAerL.ITY OF
Z~RO M~N~ AN GV~NT CAN'T
~APP~N. lo~~~ T~AN Z~RO

WOUloD e~ M~NINGolo~~~.

NOW W~AT tAN W~ ~AY

AWlJf T~~ PROBAelL.ITr~~

P(Oi) IN AN ARBITRARY RAN­
DOM ~)(.P~RIM~NT? FIR~T OF
AL.L.,

PUT T~~~~ TWO TOGo~~~R, AND YOU ~AV~ Tl-l~ CUARACTbR/~TIC

PROPbRTlb~ OF PROBABILITY:

HOW 170 yOU KNOW HI(;
(;LI;;M(;NTARY OUTe;OM(;~

AR(; (;QUAL.LY L//(I;L.Y
WITHOUT ROL.L./Nb TH(; I
171e;(; A SILL.ION TIM(;~?

AN ol1JliCTIVI~T U~'~ "TI·"R TJ.I'
lL.A'S~/lAL. OR FRI;QU'NlY I7'F/N/T/ON
OF PR08ABIL./TY. A ~lJl1JliCTIVI~T OR
BAYli~IAN APPL./'~ FORMAL. L.AW~ OF
lJ.lANl' TO J.l/~ OWN, OR YOUR,
P'R~NAL. PR08AB/L./T/'~.

Personal PR08AB/L./TY: M~T
OF L./F"~ (;V'NT~ AR' NOT
RliPliATABL&. P'R~ONAL. PR08A8/L.ITY
I~ AN IN{)IVI{)IJAL'~ PliR~ONAL

A~~li~~MliNT OF AN OUTlOM"~

L./K'L./J.lOOI7. IF A GAM8L.'R 8'L.1(;v'~

TJ.lAT A J.lOR~' J.lA~ MOR' TJ.lAN A 'fo% .
lJ.lANll; OF WINNING, J.I"L.L. TAKI; AN
(;V'N g~ ON TJ.lAT J.lOR~'.

PRoeABIL.ITY I~ NON-Nb6ATlVb

TOTAL. PROBABIL.ITY OF AloL.
~lo~~NTARY OlJfCOM~~ I~ ONb.

p(O)~ 0

P(01) +p(Oz) +... +P(On)·;:;.1



BASIC OPERATIONS
$0 FAR, W~ HAV~ D/StUSS~D ONLY TH~

PROBABIl./TY OF ~L~~NTARY OUTtOM~S.

IN TH~ORY, THAT WOULD g~ ~NOUGH TO
D~StR/BI; ANY RANDOM ~XP~RIM~NT, BUT
IN PRAalt~ IT'S PR~ UNW/~LDY. FOR
~XAMPL~, ~~N SUtH AN ORDINARY
OUURR~Nt~ AS ROLLING A S~~N IS NOT
AN ~L~~NTARY OUTtOM~... SO W~

INTRODUt~ A NCW IPEA:

TH~ B(;AUTY OF USING
~(;NTS, RATH(;R THAN
~L~(;NTARY OUTWM(;S, IS
THAT W~ tAN COMBINE
~~NTS TO MAK(; OTH(;R
~~NTS, USING LOGICAL
OPEHATlON~. TH~

R(;I.~ANT WORD? AR(;
AN/), OR, AND NOr.

THAT IS, G/V(;N ~(;NTS E AND F, W~ tAN MAK(; N~ ~(;NTS:

E and F: TH(; ~(;NT E AND THI; ~(;NT F BOTH OUUR.

E or F: TH(; ~(;NT E OR TH(; ~~NT F OUURS (OR BOTH DO).

not E : TH(; ~~NT E DO~S NOT OUUR.

COMBINING OUR PR/M/TIV(;
!7(;FINITIONS OF PROBABII./TY WITH
TH(;S(; WGltAL OP(;RATIONS WILl.
GIVI; US ?OM(; POW(;RFUI.
FORMULAS FOR MANIPULATING
PROBABILITI(;S.

~~NT D~StRIPTION ~~NT'S ~I.~~NTARY PROBABILITY
OUTtOM~S

2
A: Dlt~ ADD TO 3 {(1,2.), (2.,1)} P(A)~ 3h

{(1,;), (2.,4), (3,3), (4,2.), (;,1)}
5

S: D/t~ ADD· TO 6 p(S)~ 3b

c. WH/T~ D/~ SHOWS 1 {(1,1), (1,2.), (1,3), (1,4), ,
(1,;), (1,6)} p(l)~ 36

D: BUtK D/~ SHOWS 1 {(1,1), (2.,1), (3,1), (4,1),
P(D)~ s.(;,1), (6,1)}

3G

AN liVGNT IS A S~ OF ~L~~NTARY OUTtOM~S. nl~ PROBABILITY OF AN
~~NT IS TH~ SUM OF TH~ PROgABIL/TI~S OF TH~ (;L~~NTARY OUTtOM~S IN
TH~ S~. FOR INSTANt~, ?OM~ ~~NTS IN TH~ L/F~ OF A TWO-DltI;D ROI.I.~R

AR~:



J..r;T'S Rr;TURN TO TI-II; Dltl;-TI-IROWING I;XAMPJ..I;. IF C IS TI-II; I;VI;NT, WI-IITI;
DII; "'" 1, AND D IS TI-II; I;VI;NT, BI.ACK DII; "'" 1, TI-II;N:

SOMr;TIMI;S, TI-II; OVI;RI.AP I; AND F IS I;MPTY, AND TI-II; TWO I;VI;NTS I-IAVI;
NO I;J..I;MI;NTARY OUTtOMI;S IN tOMMON. IN TJ.lAT tMI;, WI; SAY E AND F ARI;
MUTUALLY EXCLU~IVE, MAKING peE AND F) "'" o. HI;RI; WI; SI;I; TI-II; MUTUAJ..J..Y
I;UWS/VI; I;VI;NTS A, TI-II; Dltl; ADD TO 3, AND 8, TI-II; Dltl; ADD TO 6.

C OR I) IS TI-II;
I;NTIRI; SI-IADI;D [!](IJ [!][ll]m [i] •• ••• e ••
ARI;A (WI-II;RI;

ee •••• ••
~m~ ONI; DII; OR TI-II; ~(IJ~e III ••III III • •

OTI-II;R IS 1).

Oml:=:J (:l (:lIII • III • • III • •C ANI) I) IS [Z](IJ [Z]WI-II;RI; TI-II;
SI-IADI;D ARI;AS

~(IJ~ AOVI;RJ..AP (gOTl-I
Dltl; ARI; 1). 00)

TI-IIS IJ..WSTRATI;S TI-II; APPITION RULE: FOR ANY I;VI;NTS E, F,

pellE OR ') :: P(IIE) + Pt.) - P(IIE AND ')

ADDING P(E) + P(F) POUBLE COlJNT~ TI-II; I;J..I;MI;NTARY OUTtOMI;S SI-IAR~D :r
E AND F, SO WI; I-IAVI; TO SUBTRACT TI-II; I;XTRA AMOUNT, WI-IICI-I IS peE AD.

IN TI-II; ABOVI; I;)(AMPI.I;,

pel OR D) ~ .!1.
~6

AS YOU tAN SI;I; BY
COUNTING I;J..I;MI;NTARY
OUTtOMI;S. J..IKI;WISI;,

pel AND D) ~ ;6
AND WI; tON FIRM TI-II; FORMUJ..A:

pet) + P(D) - pet AND D)
6 &. 1 _ 11

"'" 36 -\- 3b - 3b - 3b

"'" P(C OR D)

FOR MUTUAJ..J..Y I;XtWS/VI; I;VI;NTS, WI; Gr;T A ~PECIAL APPITION RULE: IF E
AND F ARI; MUTUAJ..J..Y r;UWSIVI;, TI-II;N

PCE OR P) :: peE) + P( F)

AND WI; tl-ll;tK TI-IAT peA OR B) "" :0 :: ;b + fh ::: P(A) + P(B)

AND F/NAJ..J..Y, A ~UBTRACTION RULE: FOR ANY I;VI;NT E,

pellE) :: 1 - PINO! lIE)

nus IS USI;FUJ.. WI-II;N P(NOT E) IS !;AS/I;R TO tOMPUTI; TI-IAN P(E). FOR
INSTANtl;, J..r;T I; BI; TI-II; I;VI;NT, A DOUBI.I;-1 IS NOT TJ.lROWN. TI-II; I;VI;NT

NOT-E, A DOUBJ..I;-1 I~ TI-IROWN, I-IAS PROBABII.ITY P(NOT E) "'" ~6 .

$0

peE) "" 1-P(NOT (;)

1
"" 1 - 36

"" 3S
U



IN GGNGRAL., TO FIND
THG WNDITIONAL.
PROBABIL.ITY p(t;IF),
WG WOK AT THG
GVGNT E AND F AS
PART OF Tl-IG RGDUlGD
SAMPL.G SPAtG F.

AND SAY "THG
PROBABIL.ITY OF A,
~IVGN c:

WG tAL.L. IT THG
CONPITIONAL
PROBABILITY Tl-IAT GVGNT
A WIL.L. OUUR, GIVGN
THG CONPITION Tl-IAT
GVGNT c HAS AL.RGADY
OUURRGD. WG WRITG

P(AI C)

+1

BGFORG ANY DIlG WGRG THROWN, Tl-IG SAMPL.G SPAlG HAD 36 OUTlOMGS, BUT
NOW Tl-IAT Tl-IG GVGNT C HAS OUURRGD, THG OUTWMG MUST BGL.ONG TO THG
RGPIJCGP ~A;,tnG ~PACG c.

IN Tl-IG RGDUlGD SAMPL.G SPAlG OF SIX GL.GMGNTARY OUTlOMGS, ONL.Y ONG
OUTWMG (1,2) SUMS TO ~. $0 THG WNDITIONAL. PROBABIL.ITY IS 1/6.

NOW SUPPOSG THG
WHITG DIG lOMGS
UP 1 (GVGNT C).

WHAT'S THG
PROBASIL.ITY
OF A NOW?

THG FORMUL.AS WG JUST DGRIVGD
ARG, IN FAtT, ADGQUATG FOR
ANSWGRING DG MGRG'S QUGSTION­
BUT NOT GASIL.YI (YOU MIGHT TRY
USING THGM ON A SIMPL.GR
QUGSTION: WHAT'S Tl-IG PROBABIL.ITY
OF ROL.L.ING AT L.GAST ONG SIX IN
TWO ROL.L.S OF A SINGL.G DIG?) WG
NGGD ;,tORG ;,tACUINGRYI

BGFORG THG DllG
ARG THROWN, THG

PROBABIL.ITY IS

peA): ~

.~.............

(AN GSSGNTIAL. lONlGPT IN
STATISTllSI)

$0 WG INTRODUlG

i ·onal
a iii

SUPPOSG WG AL.TGR OUR GXPGRIMGNT SL.IGl-ITL.Y, AND Tl-IROW Tl-IG WHITG DIG
BGFORG THG BUlK DIG. WHAT'S THG PROBABIL.ITY THAT THG FAtGS SUM TO ~?

con
ro



~."..
~; ..

INDEPENDENCE and the
special multiplication rule..
TWO r;vI;NTS E AND F ARI; INP~P~NP~NT OF GAtJ.l OTJ.lr;R IF TJ.l1;
OUURRI;NtI.; OF ONI; J.lAS NO INFLU~NCIi ON TJ.l1; PROSABIL.ITY OF TJ.l1;
OTJ.lI;R. FOR INSTANtl;, TJ.l1; ROL.L. OF ONI; Dlr; J.lAS NO I;FFl;tT ON TJ.l1; ROL.L.
OF ANOTJ.lI;R (UNL.I;SS TJ.lj;Y'RI; GWI;D TOGr;TJ.lI;R, MAGNr;Tlt, r;Tt.!).

\N'"'''' TJ.lE t>IC~) \"{"'S

'((~ AND C) _ ~'"
,?(C) - T

\ ~

b

(ONtr; F J.lAS
OUURRI;D, , IS
IMPOSSIBL.I;.)

(ONtr; , OUURS,
IT'S tr;RTAIN.)

WJ.lr;N E AND F ARr; MUTUAL.L.Y
r;UL.USIVr;,

PC E If) = P (Ii and f)
P(f)

FROM WI·lltJ.l yOU tAN DIRr;CrL.Y
Vr;RIFY SOMr; INTUITIVr; FAtTS:

wr; TRANSL.ATr; TJ.lIS
INTO A FORMAL.

Dr;FINITION: TJ.lr; CONPITIONAL
PROBAIILlTY OF s, 61V~N F, IS

Rr;ARRANGING TJ.l1; DI;FINITION GIVI;S US TJ.l1; MULTIPLICATION RUL~:

peE AND f) =peE I f)P(f)

IN TI;RMS OF toNDITIONAL. PROBABIL.ITY, TJ.lIS AMOUNTS TO SAYING
P(;) ~ p(;IF) OR, I;QUIVAL.I;NTL.Y, P(F) ~ P(FU;). WJ.lI;N E AND F ARI;

INDI;PI;NDI;NT, WI; G{;T A ~P~CIAL MULTIPLICATION RUL~:

peE AND f) =P(E)P(f)

WJ.lltJ.l wr; WOUL.l7 L.IKI; TO RI;DUtr; TO A "SPl;tIAL." MUL.TIPL.ltATION RUL.I;,
UNDr;R TJ.l1; FAVORABL.I; tlRtUMSTANtl;S TJ.lAT p(EIF) ::. peE). TJ.lAT WOUL.D BI;
I;UI;I..L.I;NT!

+2.

\"r;T'S VI;RIFY TJ.l1; INDI;PI;NDI;Ntr; OF Dltl;, USING TJ.l1; FORMUL.AS. C IS TJ.l1;
r;vI;NT W""T~ P/~ COM~~ UP 11 P IS TJ.l1; r;vI;NT BLACK P/~ CO~~ UP " AND
WI; J.lAVI;: 1

P(cID) = pee Al'lD 1» =!!. : -1- = pee) .
pro) t 0

SUT TJ.l1; WJ.lITr; DII; SJ.lOWING 1 OBVIOUSL.Y DDr;S AFFl;tT TJ.lr; tJ.lANll;S TJ.lAT
TJ.l1; SUM OF TJ.l1; TWO Dltl; IS 3!

..L
P(AIt) ::. peA AND a ::. P(1,2) ::. ~ ::. 1. ..J. ( t

I b -r P A) ::. -'8
pa) pa) b

so TJ.lI;SG TWO r;vGNTS ARG NOT INP~PIiNPIiNT.

4~



NOWL.r;T'S I.(;AVG nlG
tAS/NO AND RGJOIN TI-IG
RGAl WORLD...

IF Bi IS TI-IG (;vGNT, NO DOlJBlG
SIX IS TI-IROWN ON TI-IG z"Tll
ROll, TI-IGN NOT F '" 131 AND 132
AND... 1324, TI-IG PROBABIlITY OF
GAtl-l 13 IS

~"P(Bi) '" 36 ,SO

~$)'l't
P(NOT F) '" ('% '" .709

(BY TI-IG MlJlT/Pl/tAT/ON RlJlG)
AND WG tONtL.lJDG TI-IAT

P(F) '" 1 - P(NOT F) '" 1 - .709

~ .491

NOW TI-IG SGtOND I-IAlF: lr;T F BG TI-IG (;vGNT, 6orn/N60 AT lGAST ONG
DOlJBlG SIX IN 24 TI-IROWS. A60A/N, NOT F IS GAS/GR TO DGStR/BG. IT'S TI-IG
(;VGNT OF 6orn/N60 NO DOlJBlG S/XGS.

DG MGRG TOlD PAStAl I-IG I-IAD AtTlJAllY OBSGRVGD THAT (;VGNT F OUlJRRGD
lGSS OFTGN THAN (;VGNT E, BlJT I-IG WAS AT A lOSS TO GXPlA/N WI-IY... FROM
Wl-lltl-l WG tONtL.lJDG THAT DG MGRG 6oAMBL.GD OFTGN AND K{;PT CAR{;FUL
R{;COR~II

IF Ai IS TI-IG (;vGNT, 6orn/N60 NO
SIX ON TI-IG z.,.\-l TI-IROW, WG KNOW
TI-IAT P(Ai) '" : . WG AlSO KNOW
TI-IAT ROllS ARG INDGPGNDGNT, SO

SlJBTRAtTION RlJL.G:

PCE) :: 1 .... P(NOT E)

AND NOW, DG MGRG'S PROBlGM AT lAST... lr;T E BG TI-IG (;VGNT OF 6orn/N60
AT lGAST ONG SIX IN FOlJR ROllS OF A S/N60lG DIG. WI-IAT'S peE)? TI-I/S IS
ONG OF TI-IOSG (;VGNTS WI-IOSG NG60AT/VG IS GASIGR TO DGStRIBG: NOT {; IS
TI-IG (;VGNT OF G&rrING NO ~/X{;~ IN FOUR TUROW~.

SPGtlAl MlJlTIPl/tAT/ON RlJlG: WI-IGN E
AND F ARG INDGPGNDGNT,

peE AND F) :: P(E)P(F)

ADDITION RlJL.G:

peE OR F) :: peE) + P(F) Ell peE AND F)

MlJL.TIPL./tAT/ON RlJlG:

peE AND F) :: P(E I F)P(F)

BGFORG 6O/N60 ON, L.r;T'S SlJMMAR/ZG AL.L. nlG RlJL.GS WGVG AUlJMlJL.ATGD:

SPGt/AL. ADDITION RlJL.G: WI-IGN E AND F ARG
MlJTlJAL.L.Y GUL.lJS/VG1

peE OR F) :: peE) + P(F)



.....

(PROBABIlITY OF HAVIN6> THG DISt;ASG,
6>IVGN A POSITIVG TI;ST)

(ONG PATIGNT IN 1000 HAS THG DISt;ASG)

(PROBABIlITY OF A POSITIVG TGST,
6>IVI;N INFGtTION, IS .99)

(PROBABIlITY OF A FAlSG POSITIVG, 6>IVGN
NO INFGtTION, IS .(2)

47

peA) ~ .001

pes IA) ~ .99

pes INOT A) ~ .01

AND WG ASK

peA Is) ~ WI-IAT?

WG HAVG TWO (;\IGNTS TO WORK WITH:

A: PATIGNT HAS THG DISt;ASI;
S: PATIGNTTGSTS POSITIVG.

THG INFORMATION ABOUT THG TGST'S
I;FFGtTlVGNGSS tAN BG WRITTGN

SINtG nIG TRt;ATMGNT FOR THIS DISt;ASI; HAS SGRIOUS SIDG GFFGtTS, THI;
DOtTOR, HGR lAWYGR, AND HGR I..AWYGR'S lAWYGR tAll ON J"OG BAYGS, tP
(tONSUlTIN6> PROBABII.IST), FOR AN ANSWGR. J"OG DGRIVI;S A THGORGM FIRST
PROVGD BY HIS ANtGSTOR, THG R(;\I. THOMAS 6AYE~ (1744-1909).

AND SUPPOSG THAT THGRG IS A GOOD, BUT NOT PGRFGtT, TGST FOR THIS
DISt;ASG: IF A PGRSON HAS THG DISt;ASG, THG TGST WMGS BAtK POSITIVG 99%
OF THG TIMG. ON THG OTHGR HAND, THG TGST AlSO PRODUtGS SOMG FAL~E
PO~/TIVE~. ABOUT ~% OF UNINFGtTl;D PATII;NTS AlSO TI;ST POSITIVI;. AND YOU
JUST TI;STGD POSITIVI;. WHAT ARI; YOUR tHANtl;S OF HAVIN6> THI; DISt;ASI;?

J'2 .. _~ ~~ 'R

~fJ ~ · f:Jfji ~

SUPPOSG A RARG DISt;ASG INFGtTS ONG OUT OF (;\IGRY 1000 PGOPlG IN A

POPUlATION...

BAYES THEOREM and the
case of the false positives......
FOR A MORG SGRIOUS APPlltATION OF
tONDITIONAl PROBABIlITY, lGT'S GNTGR
AN ARGNA OF llFG AND Dt;ATH...



P(8)

P(NOT 8)

1 10 11

0 919 919
1 999 1000

.00099
;: .0412

.01091

NOT A

P(NOT A)

T/;STS
POSITIV/;

T/;STS
N/;6>ATIV/;

peA AND s)
;:

P(S)

.00099 .01999 .02097

.00001 .97902 .9790'3

.001 .999 1

peA)

A

8

NOT 8

11-4' FINAL. TA8L.' 1$:

FROM Wl-4ltl-4 W' DIR'trL.Y D'RIV'

P(Als) ;:

D'$PIT, TI-4' I-4lbl-4 AUURAtY OF 11-4' T'$1; LE~~ THAN ~% OF TI-4O$' W1-40
1'$1 PO$ITIV' AtTUAL.L.Y I-4AV' TI-4' DI$(;A$,t 11-41$ 1$ tAL.L.'D 11-4' FAL~E
PO~/TIVE PARA{)OX.

11-41$ 1A8L.'.$1-40W$
WI-4AT I-4APP'N$ IN A
bROUP OF A 11-40U$AND
PA11'NT$. ON AV'RAb',
ONL.Y 21 P'OPL.' WIL.L.
1'$1 PO$I1IV(;-AND
ONL.Y ONE OF 11-41;M
I-4A$ 11-4' DI$(;A$,t 20

FAL.$' PO$I1IV'$ toM'
FROM TI-4' MIJCH
LAR~R IJNINFECTE{)
~ROIJP.

$UM

$UM

NOT A

NOT A

NOT A

NOT A AND 8

NOT A AND NOT 8

A

A

A AND 8

A AND NOT 8

A

«« AND 8) P(NOT A AND 8) P(8)

peA AND NOT 8) P(NOT A AND NOT 8) P(NOT 8)

peA) P(NOT A) 1

.00099 .01999 .02097

peA AND NOT 8) P(NOT A AND NOT 8) P(NOT 8)

.001 .999 1

8

NOT 8

8

NOT 8

W' FIND TI-4' RI;MAININb PR08A811..ITI'$ 8Y $U8TRACrINb IN 11-4' toL.UMN$, 11-4'N
ADDINb AtRO$$ 11-4' ROW$.

AL.L.OWINb U$ TO FIL.L. IN $OM' 'NTRI'$:

toy 1)6F//<lITt01J '.

NOW lOMrvr" ~

peA AND B) ~ p(BIA)P(A) ~ (.99)(.001) ~ .00099 ;~
P(NOT A AND B) ~ P(BINOT A)P(NOT A) ~ (.rn)(.999) ~ .01999

TI-4' PR08A81L.ITI'$ IN TI-4' MARbIN$ AR' FOUND 8Y $UMMINb AtRO$$ ROW$
AND DOWN toL.UMN$.

I..(;T'$ FIND TI-4(; PR08A81L.ITI(;$ OF (;At1-4 (;V'NT IN TI-4' TA81..':

10(; 8(;bIN$ WITI-4 A 2X2 TA8L.(;, Wl-4ltl-4 DIVID(;$ TI-4(; $AMPL.(; $PAt(; INTO FOUR
MUTUAL.L.Y (;XtL.U$IV(; (;V(;NT$. IT DI$PL.AY$ (;V(;RY PO$$I8L.(; toM81NATION OF
DI$(;A$(; $TAT(; AND T(;$T R(;$UL.T.



WJ.tAT'$ TJ.tj; PJ.tY$llIAN TO DO? JOj; BAYj;$ AI7VI$j;$ J.tj;R NOT TO $TART
TR~TMj;NT ON TJ.tj; BA$I$ OF TJ.tI$ Tj;$T AWNj;. TJ.tj; Tj;$T \70j;$ PROVII7j;
INFORMATION, J.tOWr;vj;R: WITJ.t A PO$ITIVj; Tj;$T TJ.tj; PATIj;NT'$ lJ.tANlj; OF
J.tAVIN6> TJ.tj; DI$~$j; INlR~$j;D FROM 1 IN 1000 TO 1 IN 1~. TJ.tj; 170lTOR
FOI..WW$ IJP WITJ.t MORj; Tj;$T$.

JOj; BAYj;$ lOL.L.j;lT$ J.tl$ lON$IJL.TIN6> lJ.tj;lK Bj;FORj; AI7MITTIN6> TJ.tAT AL.L.
TJ.tO$j; $Tj;P$ J.tj; Wj;NT TJ.tROIJ6>J.t lAN Bj; lOMPRj;$$j;17 INTO TJ.tj; $IN6>L.j;
FORMIJL.A lAL.L.j;17 BAYj;$ TJ.tj;OR~:

P(A)P(BIA)
PtA IB):: PtA) P(B IA)+P(NOT A) P( B I NOT A)

IN TJ.tI$ lJ.tAPTj;R, Wj; lOVj;Rj;17 TJ.tj;
BMll$ OF PROBABII..ITY: IT$ I7j;FINITION,
$AMPI..j; $PAtj;$ AND j;1..~j;NTARY

OUTlOMj;$, lONI7ITIONAL. PROBABIL.ITY,
AND $OMj; BA$Il FORMIJI..A$ FOR
lOMPUTIN6> PROBABIL.ITIj;$. Wj;
II..W$TRATj;17 TJ.tj;$j; 117~$ U$IN6> A
1-l7llj; $AMPL.j; $PAtj;. FOR TJ.tj; MOI7j;RN
6>AMBI..j;R, PROBABII..ITY 1$ TJ.tj; POWj;R
TOOL. OF lJ.tOllj;.

e ..

AND FINAL.L.Y, IN TJ.tj; Mj;171lAL. j;XAMPL.j;, Wj; SJ.tOWj;17 J.tOW TJ.tj;Sj; ABSTRAlT
II7~S lOlJL.17 J.tj;I..P TO MAKj; 6>0017 l7j;llS/ONS IN TJ.\j; FAtj; OF IMPERFECT
INFORMATION AND REAL R/~K~TJ.\j; ULTIMATE GOAL OF STAT/STIlS.

rr lOMPUTj;$ p(AIB) FROM vo: AND TJ.tj; TWO lONI7ITIONAL. PROBABII..ITIj;$
p(BIA) AND p(BINOT A). YOIJ tAN I7j;RIVj; IT BY NOTIN6> TJ.tAT TJ.tj; BI6> FRAlTION
lAN Bj; j;XPRj;$$j;17 M

BUT TJ.tI$ 1$ JIJ$T TJ.tj; Bj;6>INNIN6>. FOR U$, PROBABII..ITY 1$ ONI..Y A TOOL-AN
j;$$j;NTIAI.. TOOl.., TO Bj; $URj;-IN TJ.tj; $TUl7Y OF $TATI$Tll$. IN TJ.tj; lJ.tAPTj;R$
TJ.tAT FOI..WW, Wj;'L.1.. j;XPI..ORj; TJ.tj; $UBTI..j; Rj;I..ATION$J.tIP B~"N
PROBABII..ITY, VARIATION$ IN $TATI$TltAl.. DATA, AND OUR lONFIDj;Nlj; IN
INTj;RPR~IN6> TJ.tj; M~NIN6> OF OUR OB$j;RVATION$.

O' ~
/

::: PIA and B) ::: P(AI B)
P(B)

WON9~R W"~T
Tl-I~ AN(~~T6~

WOUl,P I-\A\I~

11-\0Uf:,I-tT
AeouT -r~ IS

FEE..·

PIA and B)
PIA and B)+P(N01' A and B)

;0



I LES
.Chapter 4.

IN C~APn;R 2, W~ 'jAW T~AT Og'j~RVATION'j OF NUM~RICAl.

rJATA, l.IK~ 'jTUrJ~NT'j' W~IG~T'j, CAN g~ GRAP~~rJ ANrJ
'jUMMARIZ~rJ IN T~RM'j OF MlrJPOINT'j, 'jPR~rJ'j, OUTl.I~R'j, ~C.

IN C~APT~R ~, W~ 'jAW ~OW PROgAgIl.ITI~'j CAN g~ AIj'jlGN~rJ

TO T~~ OUTCOM~'j OF A RANrJOM ~XP~RIM~NT.

IF W~ IMAGIN~ A RANrJOM ~XP~RIM~NT R~P~T~rJ MANY TIM~'j,

W~ ~XP~CT T~AT T~~ ACTUAl. OUTCOM~'j OV~R TIM~ WIl.l. g~

GOV~RN~rJ gy T~~IR PROgAgIl.ITI~'j. T~~ PROgAgIl.ITI~'j FORM A
/ltOfJEL FOR R~l.-l.IF~ ~XP~RIM~NT'j ... IjO W~Y NOT rJO FOR T~~

MOrJ~l. W~AT W~'V~ Al.R~DY rJON~ FOR T~~ rJATA IT rJ~'jCRlg~'j?
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TI-II~ TA8L.r; I~

0 1 1 tAL.L.r;D Tl-lr;;t
PHOfJAfJlJ.lTY

1 1 1 P/~THlfJlJTlON OF
Pr(X-::=.;t) - - - Tl-lr; RANDOM

4- 1 4- VARIA8L.r; X.

y. 1 '3 4- Ij " 1 9 9 10 11 11

Prey-::=. y.) 1 2 '3 4 ? 6 ? 4 '3 2 1- - - - - - - - - - -
'36 '36 '36 '36 '36 '36 '36 '36 '36 '36 '36

FOR Tl-lr; RANDOM VARIA8L.r; Y (Tl-lr; ~UM OF TWO Dltr;), Tl-lr; PROBA81L.ITY
DI~TRIBUTION L.OOK~ L.IKr; TI-II~:

NOW wr; WANT TO L.OOK AT Tl-lr; PHOfJAfJlJ.lTI&~ OF Tl-lr; oUTtoMr;~. FOR
Tl-lr; PROBA£~IL.ITY TI-IAT Tl-lr; RANDOM VARIABL.r; X I-IA~ TI-II; VAwr; ;t, wr;
WRITr; Pr(X "" ;t), OR JlJ~T p(;t). FOR Tl-lr; toIN-FL.IPPING RANDOM
VARIA8L.r; X, WI; tAN MAKr; Tl-lr; TML.r;:

ANOTI-lr;R r;X,AMpL.r; I~

BASr;D ON Tl-lr; FAMIL.IAR
T~~ OF TWO Dltr;. L.r;T
y Rr;PRr;~r;NT Tl-lr; ~lJM

OF Tl-lr; DOT~ ON Tl-lr;
TWO Dltr;. FOR TI-II~

RANDOM VARIABL.r;, Y
tAN Br; ANY NlJMBr;R
Br;rwr;r;N 2 AND 12.

,.\-tE
~~M\t-l\-$T~Ailoe.l~

joB IS To "()~N

$TUDeN's.
\~TO

~~'I~"ICS !

o
HH
I
2

HT TH
\ /

1

TT
I
o

OlJTtoMr;

A RANDOM VARIABL.r; I~ Dr;FINr;D AS Tl-lr; NlJM&HICAJ. OlJTCO/ll1i OF A
HANPO/ll liXPliHI/IIliNT.

nu; K~ ID~ I~ Tl-lr; HANPO/ll VAHIAfJJ.&, Wl-lltl-l wr;
WRITr; A~ A L.ARGr;

FOR r;X,AMpL.r;, IMAGINr; DRAWING ONr; ~TlJDr;NT AT RANDOM FROM Tl-lr;
~TLJDr;NT BODY. TI-IAT'~ Tl-lr; RANDOM r;Xpr;RIMr;NT. Tl-lr; ~TlJDr;NT'~ #li/~#r,

W&/~#r, FAMIJ.Y INCO/ll&, ~.A.T. ~COH&, ANP 6HAP& POINT AV&HA~& ARr;
AL.L. NlJMr;RltAL. VAHIAfJJ.&~ Dr;~tRIBING PROpr;RT"~ OF Tl-lr; RANDOML.Y
~r;L.r;tTr;D ~TlJDr;NT. TI-I~'Rr; AL.L. HANPOM VAHIAfJJ.&~.

ANOTI-lr;R r;X,AMpL.r;: T~~ TWO tOIN~ (Tl-lr; RANDOM I;xpr;RIMr;NT) AND Rr;toRD
Tl-lr; NlJ/IIfJ&H OF I-Ir;A~: 0, 1, OR 2.

NOTr; Tl-lr; NOTATIONI Tl-lr; VARIABL.r; I~ WRITTr;N WITI-I A tAPITAL. X. Tl-lr;
L.OWr;RtA~r; ;t Rr;PRr;~r;NT~ A ~INGL.r; VAwr; OF X, FOR r;XAMPL.r; ;t "" 2, IF
I-Ir;A~ tOMr;~ lJP TWltr;.
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ANOTHI;;R ~XM\PL.I;; IS
8ASI;;17 ON THI;; FAMIL.IAR
TO$S OF TWO I7ltl;;. L.~

Y RI;;PRI;;SI;;NT THI;; SUM
OF THI;; I70TS ON nil;
TWO I7ltl;;. FOR THIS
RAN170M VARIA8L.I;;, Y
tAN 81;; ANY NUM8~R

8~I;;~N 2 ANI7 12.

nil; Kl;Y 117/;A IS TH~ HANf)OIH VAHIA'l.E, WHltH W~

WRIT~ AS A L.ARG~

A RAN170M VARIA8L.~ 1$ I7~FINI;;I7 AS THI;; NlJIHEHICAl. OlJTCOIHE of A
HANf)OIH EXPEHIIHENT.

FOR I;;XM\PL.I;;, IMA6-INI;; I7RAWING ONI;; STUI7I;;NT AT RAN170M FROM THI;;
$TUI7I;;NT WIiY. THAT'S THI;; RAN170M I;;)(PI;;RIMI;;NT. THI;; STUI7I;;NT'S #EIG#T,
WEIG#T, FAlHIl.Y INCOIHE, ~.A.T. ~COHE, ANf) GRAf)E POINT AVEHAGE ARI;;
AL.L. NUMI;;RltAL. VAHIA'l.E~ I71;;StRI81NG PROPI;;RTII;;S OF THI;; RANI70ML.Y
$1;;L.l;;tTl;;l7 STUI7I;;NT. THl;Y'RI;; AL.L. HANf)OIH VAHIA'l.E~.

,."u;;
~"M\t-l\~T~A"IO~~
Jog \? To iO'N
?TUDetli~

\t-1TO
~A"I?iIC" !

ANOTHI;;R I;;XM\PL.I;;: TO$S TWO WINS (THI;; RAN170M I;;)(PI;;RIMI;;NT) ANI7 Rl;;tORD
THI;; NlJIH'EH OF HI;;AI7$: 0, 1, OR 2.

NOW WI;; WANT TO WOK AT THI;; PHO'A8Il.ITIE~ OF TH~ OUTWMI;;S. FOR
THI;; PR08A81L.1TY TI-IAT TI-I~ RAN170M VARIA8L.1;; X HAS TI-II;; VAWI;; ;t, WI;;
WRITI;; Pr(X =- ;t), OR JUST p(;t). FOR TI-II;; WIN-FI..IPPING RAN170M
VARIA81..1;; X, WI;; tAN MAKI;; THI;; TA81..1;;:

TI-IIS TA81..1;; IS

;t 0 1 2 tAl..l..l;;l7 TI-I~

PHO'A8Il.ITY

Pr(X:.;t) 1 1 1 f)/~TH"lJTION OF
- - - TI-I~ RAN170M
4 2 4

VARIA81..1;; X.

FOR TI-II;; RAN170M VARIA81..1;; Y (THI;; SUM OF TWO I7lt~), TI-II;; PR08A811..ITY
DISTRI8UTION WOKS I..IKI;; TI-IIS:

1j 2 3 4 If 6 7 9 9 10 11 12

Pr(Y:'1j) 1 2 ~ 4 t; 6 t; 4 ~ 2 1- - - - - - - - - - -
"36 "36 "36 ~6 "36 "36 "36 "36 "36 "36 "36

NOTI;; THI;; NOTATION! THI;; VARIABL.I;; IS WRIITI;;N WITH A tAPITAL. X. nil;;
L.OWI;;RtASI;; ;t RI;;PRI;;SI;;NTS A SINGL.I;; VAWI;; OF X, FOR I;;)(AMPL.I;; ;t=- 2, IF
HI;;AI7$ tOMI;;$ UP TWltl;;.

o
HH
I
2

HT TH
'\ /

1

IT

I
o

OUTtOMI;;



NOW ~bf'S rJRAW GRAPHS, OR JlI~TO~RA/Ii~, SHOWING TH(;S(;
PROBABI~ITY rJISTRIBUTIONS. FOR ~H VA~lJ(; OF X, W(; rJRAW A BAR
(;QlJA~ IN H(;IGHT TO p(;t).

WHY rJO W(; tA~~ TH(;S(; GRAPHS HISTOGRAMS? YOlJ'~~ RI;tA~~ THAT IN
tHAPT(;R 1, A HISTOGRAM WAS A GRAPH THAT rJISPUY(;rJ HOW MANY rJATA
POINTS UY IN (;AtH OF A S(;RII;S OF INT(;RVA~S:

FROM THIS FR&QlJ&NCY HISTOGRAM, W(; rJI;RIVI;rJ TH(; RELATIV& FR(;QlJ(;NtY
HISTOGRAM, SHOWING TH(; PROPORTION OF rJATA IN ~H INT(;RVA~:

o

25
20
15
10
5
o

100 150

Weight in Pounds

200

IT'S (;ASY TO S(;(; THAT TH(; TOTA~ AR(;A OF TH(;S(; BOX(;S IS 1: ~H BOX HAS
BAS(; 1 ANrJ H(;IGHT p(;t), SO THI; TOTA~ AR(;A IS THI; SlJM OF THI;
PROBABI~ITII;S OF A~~ OUTtOMI;S, 1.1;.1.

HI;RI;'S THI; PROBABI~ITY HISrOGRAM OF THI; RANrJOM VARIA8~(; v. SHOWING
THI; PROBA81~ITY rJlSTRIBUTION OF THI; SlJM OF TWO rJlt(;:

0.2

0.1

0.0

1 3 4 ~ s . 7 9 9 10 11 11

100

BUT YOlJ'~~ R(;tA~~ THAT, BY
ON(; rJ(;FINITION, PROBA81UTY
IS TH(; N&LA TIV& FR&QlJ&NCY
OF AN IiV&NT "IN TJI&
LON~ RUN. n IF W(; R(;P(;AT
TH(; RANrJOM (;XP(;RIM(;NT
MANY TIM(;S, TH(; R&LATIV&
FR&QU&NCY HISTOGRAM OF
TH(; OUTtoM(;S SHOlJ~rJ toM(;
TO WOK V(;RY MlJtH ~IK(;

TH(;RANrJOM VARIA8~(;'S

PROBABILITY HISTOGRAM!

150

Weight in Pounds

;7

200



AND JUST TO RGMIND
OURSGI..VGS THAT WG'RG IN

TI-IG RGAI..M OF TI-IG
A8STRAtT, WG BRGAK OUT
$OMG GREEK LETTER~ •••

TO GXTGND THG ANAL.ObY 8GTWGGN RGI..ATIVG FRGQUGNtY AND DATA, WG
SHOUI..D NOW 8G WII..I..ING TO TAI..K ABOUT THG MGAN AND VARIANtG (OR
STANDARD DGVIATION) OF A PROBABII..ITY DISTRIBUTION...

MEAN AND VARIANCE OF
RANDOM VARIABLES
WG USG SPGtlAI.. TGRMINOI..OGY
AND SYM80I..S TO DISTINGUISH
SGTWGGN TI-IG PROPGRTIGS OF
DATA SGTS AND PR08ASII..ITY
DISTRIBUTIONS:

PROBABIL.ITY
OSSGRVGD DATA

MOD~L.

nx
p(;t) ;t n;t::' NUMe~R OF n ::. R~I..ATIV~

OaURR(;;NC(;;$ FR(;;QI)(;;NtY

as 0 260 .260

.r; 1 r;11 .r;11

.1..r; 2 223 .223

WG KNOW X'S PR08ASII..ITY DISTRI8UTION, AND WG AI..$O KNOW THAT nlG
ACflJAI.. tOIN FI..IPS WII..I.. MATtl-l TI-IG PR08A811..ITIGS APPROXIMATGI..Y. AFTGR
1000 TOSSGS, TI-IG MAD TOSSGR TAI..I..IGS I-IGR DATA:

W~ II...U)~TRAT~ lJ~INb nl~ RANDOM TH~ T~~~R B~bIN~ FL.IPPINb TWO
VARIABL.~ X AND A MAD tOIN T~~~R. tOIN~ R~P~AT~DL.Y, K~~PINb TRAtK

OF TH~ R~~lJL.T~.

AND WG SGG TI-IAT TI-IG PROBA811..ITY I-IISTOGRAM OF X I..OOKS I..IKG TI-IG "PURG
FORM" OR MODGI.. OF THG RGI..ATIVG FRGQUGNtY HISTOGRAM OF THG DATA.

PROPGRTIGS OF DATA ARG tAl..l..GD ~AMPLE PROPGRTIGS, WI-III..G PROPGRTIGS
OF THG PROBASII..ITY DISTRIBUTION ARG tAl..l..GD !AOfJEL OR POPULATION
PROPGRTIGS. WG USG TI-IG GRGGK L.mGR)A- (MU) FOR TI-IG POPUI..ATION
MGAN, AND <T (I..OWGRtASG SIGMA) FOR THG POPUI..ATION STANDARD
DGVIATION. (FOR DATA, WG USG TI-IG ROMAN SYMBOI..S % AND S.)



NOW $OM(; OF T~(;$(; DATA POINT$ ;ti MAY W(;1..1.. ~AV(; (;QUAI.. VAW(;$. T~INK
OF T~(; MAD lOIN TO$$(;R: T~(; ONI..Y AVA/I..ABI..(; VAW(;$ W(;R(; 0, 1, AND 2, AND
$~(; MAD(; 1000 TO$$(;$. T~(; VAW(; 0 WM TAK(;N ON 260 TIM(;$, 1 ~~D tAM(;

UP 711 TIM(;$, AND 2 ~~D$, 22~ TIM(;$.

aZZ%

T~/$/$ AI..$O tAl..l..(;D T~(; EXPECTEf) VALVE OF X, OR E[x]. T~/NK OF /T M
T~(; $UM OF T~(; P~/BI..(; VAW(;$, (;At~ W(;/60~T(;D 8Y /T$ PR08A8/I../TY.

PEFINITION: T~(;

mean OFT~(;
RANDOM VAR/ABI..(; X /$
D(;F/N(;D A$

GOO"t'! ~W LET'S
TWI~T IT ARoUNV.'

fl.\(; $AMPI..(; M~N WA$ D(;FIN(;D .
BY T~(; (;QUAT/ON

'SAMPI..G MODGI..
;t n;;e n;;e

;t p(;t) ;tp(;t)n ;t-n

0 .26 0 0 .27 0
1 .711 .?11 1 .? .?
2 .22~ .446 2 .27 .7-- -.96~ .. ;t 1 .. P.

n

$2 ::::. n~1L(;ti-xrl
i= 1

NOW I..{;T'$ DO T~(; $AM(; T~/N60 TO
T~(; VARIANCE. MAY8(; YOU
R(;M(;M8(;R T~(; FORMUI..A

/T (AL.MO$T) M~$UR(;$ T~(; AV(;RA60(;
$QUAR(;D D/$TANt(; OF DATA FROM T~(;
M~N. A$ ABOV(; T~/$ tAN 8(; RI;;WR/lI(;N:

~2 ::::. L(;t-X)2 :-=1
aZZ;t

OR

all;t
AND D(;F/N(; T~AT M T~(;

/ltEAN OF rUE PROIABIUTY
f)/~rR"vrION.

AH! Bur NOW ':: /$ T~(; R(;I..AT/V(; FR(;QU(;NtY... T~(; "APPROX/MAT(;

PROBABII..ITY..." T~(; NUMB(;RT~AT APPROAt~(;$ p(;t)...$O, BY ANAI..060Y, W(;
FORM T~(; (;XPR(;$$/ON

M W(; I..{;T ;t RAN60(; OV(;R
AI..I.. VAW(;$ OF X, tA1..1.. n;t
T~(; NUMB(;R OF DATA
POINT$ W/T~ T~(; VAW(; ;to
T~(;N W(; tAN RI;;WR/T(;
T~AT FORMUI..A M

61



A SIMPLr; r;XAMPI..r; I~ A BAI..ANtr;Ii, ~PINN/NG- PO/NTr;R. IT tAN ~TOP ANyw~r;Rr;
IN T~r; t/Rt~r;. IF x Rr;PRr;~r;NH T~r; PROPORTION OF T~r; TorA~
t/RtUMFr;Rr;Ntr; IT ~N~ ON, T~r; RANIiOM VAR/ABI..r; x tAN TAKr; ON ANY
VAwr; Br;rwr;r;N 0 ANIi 1-AN INFINli& RANG-r; OF VAwr;~.

OUR r;MMp~r;~ SO FAR ~Avr; gr;r;N /)/~CRIiiE RANIiOM VAR/AgL.r;~. T~r;/R
OUTtoMr;~ ARr; A ~r;r OF ISO~ATr;1i tIi/StRr;rr;") VAwr;~, ~/Kr; T~~r; wr; ~AW
IN t~APTr;R 3, BUT T~r;Rr; ARr; AL~O

• (>

onf,nuous
Random

riables
Lr;T'~ IMAG-/Nr; A RANIiOM r;xpr;R/Mr;NT
IN W~/t~ ALL OUTCOfiiE~ JlAVE
PR06ASlUTY ZERO. T~Ar'~ R/G-~i,
p(;t) .,. 0 FOR (;Vr;RY ;t.

"T~r; variance
OF A RANIiOM VAR/A8~r; x
I~ T~r; r;Xpr;trr;1i $QUARr;1i
IiI~TANtr; FROM TI-\r;
POPU~T/ON Mr;AN:

(f2 -::. (% __p.)2p(%)

alZ;t

T~r; standard
deviation (T

I~ T~r; $QUARr; ROOT
OF T~r; VAR/ANtr;.

r;xa;pr FOR T~AT ANNOYING- Iir;NOMINATOR n-t IN~Tr;A1i OF n, T~IS A~SO

WOK~ UKr; A Wr;/G-~Tr;1i ~UM OF $QUARr;1i IiI~TANtr;~ ... SO wr; MAKr; ANOTI-\r;R
PEFINITION:

wr; u~r; T~r; TA8~r;

FROM T~r; ~MT

pAG-r; TO FINIi T~r;

VAR/ANtr; OF T~r;

TWO-toIN T~~

(FOR W~lt~ P. .,. 1).

o ss (O-1)1..Zt; .,. .Zt;

1 .t; (1-1)1.so » 0

Z .Zt; (Z-1)1..Zt; .,. .Zt;

....

TOTA~

t~
~t

TO ~UM UP: p. ANIi CT, T~r; POPU~T/ON M&AN ANIi ~iANIJARIJ IJ&VIAiION,ARr;
PRopr;RT/r;~ wr; tAN tOMPUTr; FROM PROBABILITY IJI~iRlBlJiION~. T~r;y ARr;
tOMP~r;rr;~y ANA~0600U~ TO T~r; ~AMP~r; Mr;AN ;t ANIi ~TANIiARIi 1i(;VIAT/ON ~

tOMPUTr;1i FROM ~AMP~r; IiATA.

SOMr; PROBA8/I..mr;~ ARr; r;A~Y TO
F/NIi, L/Kr; T~r; PROBABILITY T~AT x
FAI..~~ W/T~/N A RANG-r;: FOR
r;MMPI..r;, Prtss ~ .x ~ .7t; ) .,. s,
8r;tAU~r; Ir'~ ~ALF T~r; t/RtLr;. BUT
W~AT ABOUT PrO< .,. sn $/Ntr; .x e:
tAN TAKr; ON AN INF/N/Tr; NUMStR .7"7
OF VAWr;~, ANIi ALI.. OF T~r;~r;

VAWr;~ ARr; r;QUAI..~Y I../Kr;~y, T~r;

PROBAB/UTY T~AT x I~ r;XACrLY.t;
(OR r;XACr~Y ANYT~ING-) I~
PRr;t/~r;I..Y o.

o

Ii.

.2~



HOW tAN W~ rJRAW A PICTUR~ OF TI-II$7
BY ANAl.06-Y WITI-I TI-I~ tA$~ OF
rJl$tR~~ PROBABll.ITI~$, W~ TRY TO
$~~ toNTINUOU$ PROBABll.ITI~$ A$
AR&A~ IJNP&R ~O/llIiT#ING. FOR nl~

$PINNIN6- POINT~R,TI-I~ "$OM~I-IIN6-"

l.OOK$ 1.1K~ TI-II$:

o

f(;it) :. 0 WI-I~N;it < 0

f(;it) :. 1 WI-I~N 0 ~ ;it ~ 1

f(;it) :. 0 WI-I~N ;it > 1

.. TI-I~ $AM~ PltTUR~ rJ~$tRIB~$ TI-I~ RANPO/ll NIJ/IIB&R ~N&RATOR FOUNrJ ON
MO$T toMPUT~R$ ANI' $OM~ tAl.tUl.ATOR$. PR~$$ TI-I~ BUTTON; OUT POP$ A
NUM~R B~~~N 0 ANI' 1; ANI' Al.l. TI-I~ NUMB~R$ AR~ ~QUAl.l.Y 1.IK~l.Y, JU$T
A$ WITI-I TI-I~ $PINNIN6- POINT~R.

BUT $ArJl.Y, TI-I~ AR~N'T

TRUl.Y RANrJOM. TI-I~'R~

PROrJUt~rJ BY $OM~

Al.6-0RITI-IM, $0, TO B~

AUURAT~, W~ tAl.l. TI-I~

P~&IJPO-RANPO/ll NUMB~R$.

o

o a

TI-I~ PROBABll.lTY TI-IAT TI-I~

POINT~R POINT$ ANYWI-I~R~

B~~~N a ANI' b 1$ PR~tl$~l.Y
TI-I~ AR~ OF TI-I~ $I-IArJ~rJ R~6-ION

UNrJ~R TI-I~ tURV~ B~"N a ANI'
b (IN TI-II$ ose. b-a).

TI-I~ PROBABll.lTY OF AN ~XACT

OUTtoM~, I-IOW"'~R, 1$ TI-I~ "AR~"

OV~R A POINT, Wl-lltl-l 1$ Z&RO.
(ANI' NOT~ TI-IAT TI-I~ TOTAl. AR~
UNrJ~R TI-I~ tURV~ 1$ ~XACTl.Y 1.)

nl~ tURV~ Jf :::. f(;it) IN TI-I/$
~XAMpl.~ 1$ tAl.l.~rJ TI-I~

PNOIA8IUTY PGN'5ITY OF TI-I~
toNTINUOU$ RANrJOM VARIABl.~ X.
EV~RY toNTINUOU$ RANrJOM
VARIABl.~ I-IA$ IT$ OWN D~N$ITY

FUNtTION. TI-I~ PROBABll.lTY
Prta ~ X ~ b) 1$ TI-I~ AR~
UNrJ~R TI-I~ tURV~ B~~~N Tj.l~

;it-VAl.U~$ a ANI' b.

x



0'1.-:;. L(;t_p)2p(;t)
aU;t

p.+cr

61

BY ANAl.ObY
WITH nil;
D/~tR(;T'

FORMlJLA~:

p.-cr

)I. '" J:f(;t)d%
-ao

CT' '" F%;U)'f(%)d%
-ao

I I I

AL.T~OUb~ IT MAY NOT gJ; Ogy/OU~ FROM T~(; FORMUL.A~, T~J;~J; IiJ;FINIT/ON~

OF MGAN ANIi VARIANCJ; AR(; (;NTIR(;L.Y CON~/~TJ;NT W/T~ T~J;/R ROL.J; A~
C(;NT(;R ANIi AVJ;RAb(; ~PRGAIi OF T~r; PROgAg/L.IT/G~ bIV(;N gy T~J; IiJ;N~ITY

f(;t). T~J; PICTURJ; TO KJ;(;P IN MINIi I~ T~/~:

AI..THOUbH THJ;
NOTATION MAY gJ;
UNFAMIL.IAR, AI..I.. IT
MGAN~ I~ AN AREA••
T~(; INTJ;bRAL. ~lbN
IT~J;L.F I~ A ~TRJ;TC~(;1i

"$," FOR ~UM, W~IC~

T~(; INT(;bRAL., IN
~M(; ~(;N~J;, I~.

M A ~UML./KJ; ~MJ;T~INb, T~J; INTJ;t;.RAI.. ~J;RV(;~ TO PJ;F/NJ; T~(;

MEAN AND VARIANCE of a continuous
random variable.

b

a

f(;t) ~ 0

ff<;t)d;t '" 1
-a::>

(TRY NOT TO gJ; AL.ARMGIi gy TH~G
INFINITIG~... THGY JU~T Mr;AN WG'Rr;
I..OOKINb AT THG TOTAL. ARGA UNIiGR
THr; CURVG FROM r;NIi TO (;NIi,
(;UGrr THAT TH(;RG I~ NO GNIi!)

L.IKG IiI~CRJ;TG PROgAglL.ITIG~,

CONTINUOU~ IiGN~ITIG~ HAVG
TWO FAMII..IAR PROPGRTIG~:

WG HAVG TO U~G CAI..CUL.U~

NOTATION TO IiG~CRlgG THG
ARGA UNIiGR THG CURVG f(;t).
THI~ ~YMWI.. I~ RGAIi "THG
INTGbRAI.. OF f FROM a TO b."

IN bJ;NJ;RAI.., nlJ; PROgAgll..lTY
IiJ;N~ITY WON'T gJ; so ~IMPI..J;,

ANIi COMPlJTlNb THJ; ARJ;M CAN
gJ; FAR FROM TRIVIAL..



E{)<]

.z 0 1

w -6 4

p(W) O.? O.?

AND

yOU lAN lJ.ll;lK IT U?ING
TJ.lI? TABL.I;:

WJ.lllJ.l WORK? OUT TO

10(0.,) - 6 -::. -1

q-2(W) =- q-2(10X+6)

::. 100q-2(X)::. 1,.

WJ.lI;N a AND b ARI; ANY
NUM13I;R? AND X I? ANY RANDOM
VAR/A13L.I;. FOR rJ.lI; VARIANll;,
TJ.lI;RI;'? AL.?O A GI;NI;RAL.
RI;?UL.T:

(TZ(aX+b) :::'- a'2.(Tz(X)

A urns TJ.lOUGJ.lT ?J.lOUL.17
CONVINll; YOU TJ.lAT I;[W]
I? G/VI;N 13Y

!;;[W] -::. !;;[10X-b]

-::. 10!;;[X] - 6

IN TJ.l1; GAMBL./NG GAMI; AI3OVI;, TJ.l1; PO??/13L.1; OUTlOMI;? ARI; -6 AND 4 ?O
IT'? lL.I;AR TJ.lAT TJ.l1; VARIANll; OF W MU?T 131; GRI;ATI;R TJ.lAN TJ.l1; VAR/ANll;
OF X. IN FAll,

IN GI;NI;RAL., IT I? NOT J.lAR17
TO ?J.lOW TJ.lAT

!;;[aX+b] -::. a!;;[X]+b

~­..

1;;t 0

p(;;t) .,

W-::. 10X - b

NOW L.{;f'? PL.AY A ?IMPL.I; GAM13L.ING GAMI;: YOU ANTI; UP $6.00 TO PL.AY; I
FL.IP A COIN; YOU WIN $10 IF TJ.l1; lOIN COMI;? UP J.l1;A17?, ll;RO IF rAIL.? rJ.lI;N

YOUR WINNING? WARI;

!;;[X] -::. 0 'p(O) -::. 1'p(1)
-::. 0 + .,
-::. .,

A NI;W RANDOM VARIA13L.I;!
WJ.lAT ARI; IT? MI;AN AND
VARIANll;?

AND rJ.lI; VARIANll;

fT1. -::. (O-.,)'2.p(O) + (1-.,)'2.p(1)
-::. .1.,

BY NOW, YOU ?J.lOUL.17 131; A13L.1;
TO FIND TJ.l1; MI;AN

FOR I;)(.AMPL.I;, L.ooK AT A FAIR lOIN TO?? L.{;f X ,., 1 IF TJ.l1; COIN lOMI;? UP
J.l1;A17? AND 0 IF IT lOMI;? UP TAIL.?

I
random variables
ONll; yOU KNOW TJ.l1; MI;AN AND
VARIANll; OF A RANDOM VARlABL.I;,
WJ.lAT lAN yOU 170 WITJ.I TJ.lr;M?
WI;L.L., FOR ONI; TJ.lING, YOU lAN
FIND TJ.l1; MI;AN AND VARIANll; OF
?OMI; OrUhR RANDOM VARIA13L.I;?...
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AGAIN, IT'S GASY TO SGG THAT

YOU CAN AL.SO AI)l) TWO RANDOM VAR/AlSL.I;S TOGr;THGR. FOR INSTANCG, SUP­
POSG WG TOSS A COIN TWICE. THG NUMBGR OF HGA~ ON BOTH TOSSGS IS
Xt+X2.' WHGRG Xt AND X2 ARG THG RANDOM VARIABL.GS GIVING THG RGSUL.TS
OF THG FIRST AND SGCOND TOSSGS.

(DON'T ASK ABOUT THG PROBABIL.ITY DISTRIBUTION OF X,+X:z.' BGCAUSG IT
DGPGNDS IN A COMPL./CATGD WAY ON THG TWO ORIGINAL. DISTRIBUTIONS. FOR
GXAMPL.G, IF X, AND x, ARG BOTH THG SPINNING POINTGR DISTRIBUTION, THG
HISTOGRAMS ACT L.IKG THIS:)

,..----11IIII

WHGN X AND ,Y ARG INDGPGNDGNT,
THEIN VANIANCE~ AI)I):

cr2(X+Y) :: cr2(X)+cr2(Y)

IN THG CASG OF TWO COIN TOSSGS,

cr2(Xt+X2) :: a" (Xt) +cr2 ( X2)

:. .2l;+.17

::;. .'1

o
-
o , AL.L. OF THIS CAN BG GGNGRAL./ZGD TO THG SUM OF MANY RANDOM VARIABL.GS:

11

n

Lo-Z(Xi)
i:: 1

n

o-Z(LXi ) ~
i:: 1

70
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.Chapter 5.

LE F
I II

NOW WI; WOK AT TWO IMPORTANT I;XAMPL.I;S OF
RANVOM VARIASL.~S, ONI; VISlRm ANV ON~ lONTINUOUS.

JU~ir REMiii:M\B6.R:
R~MVON\ '-XP~R\M~~T,

I'lUMERI<::AL
OUTCoMe!

7'1.

IN TH~ N~XT lHAPT~R, W~ WIL.L. S~~ TWO IMPORTANT ~XAMPL.I;S OF RANVOM
VARIASL.~S: ON~, TH~ BINOMIAL, IS THI; SUM OF MANY RI;P/;ATI;V INVI;PI;NVI;NT
RANVOM VARIASL.~S. THI; OTH~R, TH~ NORIML, IS A t.:ONTINUOUS RANVOM
VARIASL.I; THAT HAS A SURPRISING R~I.ATIONSHIP TO TH~ SINOMIAL., ANV ANY
OTHI;R SUM OF INV~P~NV~NT RANVOM VARIASL.~S AS W~L.I-

nll;SI; tALLUI.ATIONS L.II; AT THI;
H/;ART OF MOST SAMPL.ING THI;ORY
ANV STATISTIlS. MANY SUMMARII;S
OF VATA, SUlH AS TH~ SAMPL.~

M/;AN, ARI; L.IN~AR lOMSINATIONS
OF VATA (1.1;., SUMS OF THI; TYP~
aX + bY + cZ + ... )



\'l14~" \<? 1'"~
P~O&~'&lLrry OF
ROL.~U~& k h'S
ltl 4 Ro L.L.~ '?

•
..,,;:..- .

o 2.
k'" NUMBGR
OF SUUGSSGS

X IS TI-I~ NUM8ER of
~UCCE~~E~ IN n R~P~T~17

B~RNOUL.L.I TRIAL.S WITH
PROBAB/L./TY P OF SUU~SS.

ANOTI-IGR GXAMPL.G IS I7G MGRG'S FIRST GAMBL.G: TOSSING A SINGL.G DIG
FOUR TIMGS IN A ROW. SIJUGSS MGANS ROL.L.ING A 6. TI-IG DISTRIBUTION IS:

STARTING WITH A B~RNOUL.L.I TRIAL., WITH PR08ABIL./TY OF SUU~SS p, L.~'S

BU/L.17 A N~ RANDOM VAR/A8L.~ 8Y R~P~TING TH~ B~RNOUL.L.I TRIAL..

AN ~XAMPL.~ OF A BINOMIAL. RANDOM VAR/ABL.~ IS TI-I~ NUMg~R OF H~I7S

(SUU~??~?) IN TWO FL./PS OF A COIN. H~RG n ",2. AND P "'.r;

The
inolllial

ran 0111
vari Ie

WI-IAT W~ 170 IS TO R~P~T TI-I/S GXP~RIM~NT ... W~L.L., R~P~T~I7L.Y. SUtl-l A
R~P~TA8L.~ ~XP~RIM~NT IS l:AL.L.~17 A

ernoulli
trial,

W~ B~G/N W/TI-I TI-I~ 17/StR~~ ON~, tAL.L.~17 TI-I~ "NOMIA/.. RANDOM VAR/ABL.~.

SUPPOS~ W~ I-IAV~ A RANDOM PROt~SS WITI-I JUST TWO PO~~I8LE OUTCOME~:

A 1-I~I7?-OR-TA/L.S tO/N TOSS, A W/N-oR-L.OS~ FOOTBAL.L. GAM~, A PASS-OR­
FAIL. AUTOMOTIV~ SMOG INSPGl:1"/ON. W~ AR8/TRAR/L.Y tAL.L. ON~ OF TI-I~S~

OUTtOM~S A ~UCCE~~ AND TI-I~ OTI-I~R A FAILURE.

PROVII7~17 IT I-IAS TI-I~S~ tR/TltAL.
PROP~RTI~S:

1) TI-I~ R~SUL.T OF ~tl-l TRIAL.
MAY 8~ ~/TI-I~R A SUU~SS OR
A FA/L.lJR~

2.) TI-I~ PR08ABIL./TY P op
SUU~SS IS TI-I~ SAM~ IN
~~RY TRIAl-

~) TI-I~ TR/AL.S AR~ INf)EPENf)ENT:
TI-I~ OUTtOM~ OF ON~ TRIAL. I-IAS
NO INFL.IJ~Nt~ ON L.AT~R OlJTtOM~S.

14



41 .,

71

,

123 4 t; 6

(ttl, (±)~l? (~)~10 (t.)~·Ir; (t)~h (i)'

6

:

I I
I

srz,

(~) 1 1

1 464 1

1 t; 10 10 t; 1 ( ~ )

(a). 1 6 1t; 20 1t; 6 1

o ~ 1 1 21 3'; 3'; 21 1

1 9 29 t;6 10 t;6 29 9 1 ( to)
1 9 36 94 126 126 94 36 9 1 / to

10 4? 120 210 2t;2 210 120 4t; 10 1 IC"
11 t;t; 16t; 330 462 462 330 16? t;t; 11

12 66 220 49t; 192 924 192 49t; 220 66 12

ANOTI-IGR Vlr;w OF TI-IG BINOMIAl.. toGFFltIGNT~ I~ IN PA~CAL'~ TRIANGLG.
EAtI-l GNTRY I~ TI-IG ~UM OF TI-IG TWO NUMSGR~ JU~T ASOVG IT.

WI-IGN P -: s, THG SINOMIAI..'~

PROSASII..ITY t71~TRISUTION I~

PGRFGtTl..Y ~YMMrnltAl... FOR
6 tOlN FI..I~, FOR IN~TANtG, IT'~

WITH TI-II~

I-II~T06-RAM

TO FINt7 (1), JU~T taUNT t70WN TO ROW n ANI7 OVGR TO GNTRY k
(RGMGMSGRING AI..WAY~ TO ~TART tOUNTING FROM ZGRO).

~&WScElDJ}
~

C

000

16

TI-IG FORMUI..A FOR (J) I~

en) n!
k -;::. k!(n-k)!

WI-IGRG

n! -: n x(n-Ox(n-2)x ... x 1

ANI7 ot I~ TAKGN TO BG 1. FOR IN~TANtG,

(~), TI-IG NUMBGR OF P~~/BI..G WAY~ TO
tl-l~G TWO I.mGR~ FROM A ~r;r OF
FOUR I..mGR~, I~

(4) -;::. ~ ::. 24 ::. 6
2 2!2! 4

HGRG (,J). RGAt7 "n tl-l~G k," I~ TI-IG BINOMIAL COGFFICIGNT. IT tOUNT~
AI..l.. P~~IBI..G WAY~ OF Gm/NG k ~UUG~~G~ IN n TRIAI..~. EAtl-l INt7/Vlt7UAI..
~GQUGNtG OF k ~UUG~~G~ ANt7 n-k FAIWRG~ I-IA~ PROBABII../TY pk(1_py-k,

BY TI-IG MUI..TIPl..ltATION RUI..G. THGRG ARG CI) .OF TI-IG~G ~GQUGNtG~.

IN GGNGRAI.., WI-IAT'~ TI-IG PROB­
ABII..ITY t7/~TRIBUTION OF TI-IG
BINOMIAl.. FOR ANY PROBAB/I..ITY

P ANt7 NUMBGR OF TRIAI..~ nr A
PROBABII..ITY tAUUI..ATION G'VG~

TI-IG AN~WGR: TI-IG PROBABII../TY
OF OBTAINING k ~UUG~~G~ IN
n TRIAI..~, Pr(X-:k), I~

py(X-;::.j} -;::. (1)p~(1-p)n-~



D~P~OYING A N~~Y

INV~NT~D W~APON, TI-I~

CALCIJLIJ~, D~ MOIVRG:
$J.lOW~D TJ.lAN WJ.l~N P ::.';,
TJ.l~ 8/NOM/A~ D/$TRIBUi/ON
WA$ l\..O?~\..Y

APPROXIMAT~D 8Y A
CONrINIJOIJ~ {)GN~/TY

FIJNCTION WJ.l/tJ.l lOU~D g~

D~$tRIg~D V~RY $IMP~Y.

SUi tAUUUT/NG
TJ.l~$r; TJ.l/NG$ FOR
URG~ VAW~$ OF n
tAN 81; A PAIN... OR AT
~~$T, IT WA? 8AtK IN
TJ.l~ 1STJ.I l~NTURY,

WJ.lI;N JMtG~

BERNOIJLJ.I AND
ABRAJ.lMt {)G /IIOIVRG
W~Rr; TRYING TO DO
IT W/TJ.lOUi A
lOMPUir;R.

2. '3 <,

.",------
'ttt:: WOIll'T gORE
'IOU W\TH THe

PER'VAT,OI{··.

119b

\'jD/ b
\1.9 29{-

1 12.9b J&qb
I

T

TI-I~ /liGAN AND VARIANCG OF TI-I~

BINOM/A~ D/$TR/BUTION AR~

)A- =- np

(T2 =- np(1-p)

FOR DC; M~R~'$ RO~~ OF FOUR D/t~, nl~ D/$TRIBUi/ON 1$ MORG ~OP$ID~D:

~tr;~'l.% 110~

NOT~ TI-IAT TI-I~ M~AN MAK~$

INTU/T/V~ $~N$~: IN n B~RNOU~~I

TR/A~$, TJ.l~ ~XP~tT~D NUMg~R OF
$UU~$$~$ $J.lOU~D B~ np. TJ.l~

VAR/ANt~ FO~~OW$ FROM TJ.l~

FAa TJ.lAT TJ.l~ BINOM/A~ 1$ TJ.l~

$UM OF n IND~P~ND~NT g~RNOU~L1

TR/A~$ OF VARIANt~ p(1-p).

TJ.l~PARAM~~R$ OF TJ.l~ BINOM/A~ D/$TRIgUiION AR~ nAND p. TJ.lr;
D/$TR/BUilON, M~N, AND VARIANt~ D~PGND ONLY ON nl~$r; TWO NUMB~R$.

TAB~~$ OF TJ.l~ B/NOMIA~ DI$TR/BVTION APP~R IN MO?T T~XTBOOK$ AND
tOMPUi~R PROGRAM$. H~R~ 1$ A TAB~~ FOR n::10.

VALI)r;~ OF Pr(X:::.k)
k

a 1 2 3 4 5 6 7 8 9 10
.1 0.349 0.387 0.194 0.057 0.011 0.001 0.000 0.000 0.000 0.000 0.000
.25 0.056 0.188 0.282 0.250 0.146 0.058 0.016 0.003 0.000 0.000 0.000

P .50 0.001 0.010 0.044 0.117 0.205 0.246 0.205 0.117 0.044 0.010 0.001
.75 0.000 0.000 0.000 0.003 0.016 0.058 0.146 0.250 0.282 0.188 0.056
.9 0.000 0.000 0.000 0.000 0.000 0.001 0.011 0.057 0.194 0.387 0.349

TO $~~ J.lOW TJ.l/$ WORK$, IMAG>IN~ TI-II; g/NOM/A~ D/$TR/8UilON W/TJ.l P :: .7
AND n VI;RY URG~-A MI~~ION, $AY...

.001



NOW, $A'D P';MO'VR';, $L,P'; TJ.I,$
GRAPJ.I OV';R, $0 'T$ M/;AN ,$ Z';RO.

SQUMJ.I TJ.I'; lURV'; ALONG TJ.I'; ;t A)l..'$

UNT'L TJ.I'; $TANDARD rx;v,AT'ON
S/;lOM';$ 1, WJ.I,L'; $TRl:TlJ.l,NG ,T
ALONG TJ.I'; ]I A)l..,$ TO K,;/;P TJ.I'; AR';A
UND';R 'T ';QUAL TO 1.

TO SUMMAR/zr; Dr; MOIVRr;,
IF YOU "NOHIMLlZEn TUE
BINOfttlAL D/STRIBUTIO~

WITI-I P :0 1/1-1.r;., cr;~Tr;R

IT O~ zr;RO A~D MAKr; ITS
STA~DARD Dr;v/ATIO~ :0 "

Tl-lr;~ IT cJ,.osr;J,.Y FITS
Tl-lr; ~TANf)AHf) NOHIML
.f)/~THIBUTION

nu; Rr;SUJ,.T IS Vr;RY cJ,.osr; TO A ~MOOTU, ~YMMIiTHICAL, BELL-~UAPbf)

CUHVE, WI-IICI-I Dr;MOIVRr; SI-IOWr;D WAS G/Vr;~ BY Tl-lr; SIMPJ,.r; FORMUJ,.A:
OTl-lr;R ~ORMAJ,.S, WITI-I DIFFr;Rr;~T Mr;A~S A~D VAR/A~cr;s, ARr; OBTA/~r;D BY
STRl;TCI-I/~G A~D SJ,./D/~G Tl-lr; STA~DARD ~ORMAI- I~ Gr;~r;RAJ,., wr; WR/Tr; Tl-lr;

FORMUJ,.A
TI-I/S GIVr;S A SYMMr;TR/C,
Br;J,.J,.-SI-IAPr;D D/STR/BUTIO~

cr;~Tr;Rr;D O~ Tl-lr; Mr;A~ p.
W/TI-I Tl-lr; STA~DARD
Dr;v/ATIO~ cr.

f(;t 1#,0-)

HGRG ARG "fWO DIFFGRGNT NORMAJ,.S WITI-I nlG RGGIONS W/Tj.lIN Tl-lr;IR

STA~DARD Dr;v/ATIO~S SI-IADr;D.

o
1

TI-I/S FU~tTIO~ IS tAJ,.J,.r;D Tl-lr;

standard normal
distribution.
(e 17 ~ o",eFU/.. MATI-tEM~T'CAL

COt.l7T/),M1' P.f'?ROl(,MAlEt..y
E:QUALTO ~.718.)

f(z)

(CO~V/~Cr; YOURsr;J,.F TI-IAT TI-I/S FU~CTIO~ Rr;AJ,.J,.Y I-IAS A Br;J,.!..-SI-IAPr;D
GRAPI-I. FOR z FAR FROM zr;RO, I'(z) IS Vr;RY ~r;ARJ,.Y zr;RO-/T I-IAS' A BIG
Dr;~OM/~ATOR; IT'S SYMMl;TR/CAJ,., S/~cr; I'(z) :=. I'(-z), A~D IT I-IAS A
MAXIMUM AT z :0 0.)

Tl-lr; D/STR/BUTIO~ IS tAJ,.J,.r;D Tl-lr;
~TANf)AHf) ~ORMAJ,. Br;CAusr; AJ,.J,.
TI-IAT $QUASI-I/~G A~D STRl;TCI-I/~G

WAS spr;C/AJ,.J,.Y ARRA~Gr;D TO G/Vr;
IT Tl-lr;Sr; SIMPJ,.r; PRopr;RT/r;s,
WI-IICI-I wr; PRr;sr;~T W/TI-IOUT
PROOF:

91



NOW. BAtK TO TJ.l~ MATI-I....

N FACT. D~MOIVR~'S I7IStOV~RY ABOUT TJ.I~ BINOMIAL. IS A Spr;tIAL. tMr; OF AN
~~N MoHE 6>~N~RAL. R~SIJL.T, WJ.lltJ.l J.I~L.PS r;XPL.AIN WI-IY TI-I~ NORMAL. IS SO
IMPORTANT ANI7 W/I7r;SPR~17 IN NATURr;. IT IS TI-I/S:

TI-I/S ~XPL.AINS WJ.lY TI-I~ NORMAL. IS EVEHYWJlEHE: STOlK MARK~

FWtTUATIONS, STUI7~NT W~IGI-ITS, Y~RL.Y T~P~RATUR~ AVr;RA6>r;S, S.A.T.
StoR~S: AL-L. AR~ TI-I~ R~SUL.T OF MANY DIFFr;R~NT ~FFr;tTS. FOR ~XAMPL.~.

A STUI7~NT'S Wr;,60I-lT IS TI-I~ R~SUL.T OF 6>~N~ltS, NUTRITION, 1L.I..Nr;SS, ANI7
L.AST NI60I-lT'$ B~~R PARTY. WI-lr;N YOU PUT TI-I~ AL.L. T06>~I-I~R. YOU 6>~

TI-I~ NORMAL.! (R~~B~R. Tl-lr; BINOMIAl.. IS TI-I~ R~SUL.T OF n INI7~P~ND~N"

B~RNOUL.L.I TRIAL-S.)

"Fuz
Cen Limit
Theorem":
DATA TI-IAT AR~

INFW~Nt~17 BY MANY
~/lf.ALL ANf) VNHELATEf)
HANf)O/lf. EFFECT~ AR~

APPROXIMAT~L.Y NOHMALLY
f)/~THI6VTEf).

105

TJ.l/S IS AtTUAL.L.Y A
L./TTL.~ STRAN6>~. AL.L.
NORMAL.S AR~

SYMM~RltAL. ANI7
B~L.t SJ.lAP~I7... BUT, AS
W~ SAW. BINOMIAL.
17/STRIBUTIONS AR~

NOT ~Y/If./lf.liTHICAL

WJ.l~N P ;;c .7.:

o
Binomial: n = 20 and p = 0.3

2o
Binomial: n = 2 and p = 0.3

-2

D~ MO/VR~ PROV~17 TJ.lAT TJ.l~ STANI7ARI7 NORMAL. FITS TJ.l~ (NORMAL./Z~I7)
BINOMIAL. W/TJ.l P ...7, BUT, IN FAtT, IT WORKS FOR ANY VALVE OF p.

GliNEHALLY: FOR ANY ~ ::::.,\., ~--.

VAW~ OF p. TJ.I~ ~ " J A.lL ?'>1t-!OMlhlS
BINOMIA~ I7I~TRIBUTION (~ l 1URN I!-lTO
OF n TR/AL.S W/TJ.l .~~.> \ NORMP--Lt$,
PROBAB/L./TY P IS ~,~ \ 71~' ~V~t-ll(jAll:t...
APPROXIMAT~D BY TJ.l~

NORMAL. tURV~ W/TJ.l
P. .. np ANI7
(T .. npt; - p).

BUT IT TURNS OUT TJ.lAT M n 6>~S L.AR6>~, TJ.l~ B/NOM/AL.'S ASYMM~RY IS
OV~RWJ.l~I.Mr;D. AS YOU S~~ IN TJ.lIS ~XAMpL.~:
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I

I
I

I I

I~cr ~'4:-0"~1
, I I

I I I
, I

: I

Pr(z~2) ~ l-F(2)
~ 1- .9772
~ .0229

SO, FOR r;XAMPLr;,

Pr(-l<z<1) ~ F(1)-F(-1)
~ .fJ413-.17'fJ7
~ .6926

\'?o 170 \70

A LITTLr; Lr;~~ TI-\AN ONr; ~TlJDr;NT IN ~IX TIP'S
TI-\r; ~CALr;~ ABOVr; 170 POlJN~.

~AT''S 1-F (1), WI-\Ill-\ wr; lAN Rr;AD FROM TI-\r;
TABLr; A'S 1 - .9413 ... .11$91

o

FOR r;XAMPLr;, ~lJPp~r; ~TlJDr;NT Wr;J60I-\T~ ARr;
NORMALLY DI~TRIBlJTr;D WITI-\ A Mr;AN )A.'= 1'70
POlJN~ AND ~TANDARD Dr;vIATION 0"'= 2.0:

TI-\r;N WI-\AT'~ TI-\r; PROBABILITY OF Wr;I60I-\IN60
MORr; TI-\AN 170 POlJN~?

,,~
~a.. 0 Gl b

fZ1 b Prta :!;, z :!;, b) ~ F (b) - F (a)

TI-\r; Gr;Nr;RAL RlJLr; FOR COMPUTING NORMAL PROBABILlTIr;'S I'S Tl-\r;Rr;FORr;:

(2)1)

NOW IT'~ "JlJ~T" AL60r;BRA.

Pv()( ) \70) ::

t'r(~ ) \70-\11Q.)::
cr :2-0

Pr(Z> ~~)::

lJ~IN60 TI-\r; ~lJB~TITlJTION
;r; - P.

z ~ ----0:-' wr; lAN lJ~r;

TI-\r; ~AMr; TABLr; TO FIND
PROBABIL.ITIr;~ FOR OTI-\r;R
NORMAL DI~TRIBlJTION~.

TJ.1r; TABLr; ALLOW~ lJ~ TO FIND TI-\r;
PROBABILITY OF Z Br;,N60 IN ANY INTr;RVAL
a ~ z ~ b. IT I~ JlJ~T TI-\r; DIFFr;Rr;Nlr;
Br;TWr;r;N TI-\r; ARr;M F(b) AN\7 F(a).

?C

,J );(' .....".-

ffJz \'
z -2.5 -2.4 -2.3 -2.2 -2.1 -2.0 -1.9 -1.8 -1.7 -1.6
F(z) 0.006 0.008 0.011 0.014 0.018 0.023 0.029 0.036 0.045 0.055
z -1.5 -1.4 -1.3 -1.2 -1.1 -1.0 -0.9 -0.8 -0.7 -0.6
F(z) 0.067 0.081 0.097 0.115 0.136 0.159 0.184 0.212 0.242 0.274
z -0.5 -0.4 -0.3 -0.2 - 0.1 0.0 0.1 0.2 0.3 0.4
F(z) 0.309 0.345 0.382 0.421 0.460 0.500 0.540 0.579 0.618 0.655
z 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4
F(z) 0.691 0.726 0.758 0.788 0.816 0.841 0.864 a.as5 0.903 0.919
z 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4
F(z) 0.933 0.945 0.955 0.964 0.971 0.977 0.982 0.986 0.989 0.992
z 2.5
F(z) 0.994

H/;R/; F(a) -:::. Pr(z ~ a), TJ.I/; AR/;A UNl7/;R TI-I/; l7/;N$ITY lURV/; TO TJ.I/; l./;FT
OF z-:::.a.

TI-I/;N Al.l. W/; N/;/;l7 TO FINl7 PROiJMll.ITI/;$ FOR ANY NORMAl. l71$TRliJUTION 1$
TI-I/; $IN60l./; TAiJl./; FOR TJ.I/; ~rANPAH{) NOHMAL «o.

lI-lAN60/;$ A NORMAl.
RANl70M VARIAiJl./; WITI-I
M/;AN )A. ANl7 $TANl7ARl7
l7/;vIATION 0" INTO A
~rANPAHP NORMAl.
RANl70M VARIAiJl./; WITJ.I
M/;AN 0 ANl7 $TANl7ARl7
l7/;vIATION 1.

HI/; Z TRAN$FORMATION

;t -)A.
z > (T



o

WJ.I(;N I~ TJ.lI~ APPROXIMATION "GOOD (;NOUGJ.I?" FOR ~TATI~TICIAN~, TJ.I(;
RUl(; OF TJ.lUMB I~: WJ.I(;N(;V(;R n I~ BIG (;NOUGJ.I TO MAK(; TJ.I(; NUMB(;R OF
(;XP(;CT(;D ~UU(;~~(;~ AND FAIWR(;~ roTJ.I GR(;AT(;R TJ.lAN FlVfi:

TJ.lAT urns (;XTRA s W(;
ADD(;D I~ CAll(;D TJ.I(;

continuity
correction.
W(; J.lAV(; TO INCWD(; IT
TO G(;T A GOOD
CONTINUOU~

APPROXIMATION TO OUR
DI~CR(;T(; BINOMIAl
RANDOM VARIABl(; X. IT'~

~UMMARIZ(;D BY TJ.lI~ ON(;
J.lID(;OU~ FORMUlA:

6 8 10 12 14

~"Al7~17
AREA:::
.7876

-,

12..5 14·

NOW BAtK TO 17(; MOIVR(;
AND J.l1~ BINOMIAl
APPROXIMATION... l(;T'~

lOOK AT A BINOMIAl
DI~TRIBUTION WITJ.I n "':??
TRIAl~ AND p"'.? (:??
COIN FlI~, ~AY). W(; CAN
COMPUT(; (OR lOOK UP IN
A TABl(;) ANY PROBABIlITY,
FOR (;XAMPl(;) Prt» ~ 14).
IT I~ .1919 (;XACTlY.

NOW CAlCUlAT(; A NORMAl.. RANDOM VARIABl(; X* WITJ.I TJ.I(; ~AM(; M(;AN

)A. ::;.np '" (:?'?)(.?) '"12.5 AND ~TANDARD D(;VIATION o: ::;. np(1-p) ::;. 2.5.

~ 14-1:??~ =.7257 Pr(X*~ 14) ::;. Pr(Z~ 25 )

::;. Pr(Z ~ .6)

n=-501 p= Q1

o 5 10

n=10, p-= 0.1

91

-2 0 2 4~ 0 2

np ~ If and n(1-p) ~ If

YOU CAN ~(;(; FROM TJ.I(;~(; J.l1~TOGRAM~ TJ.lAT TJ.I(; FIT WJ.I(;N P '" 0.1 I~

M(;DIOCR(; OR WOR~(; UNTIl n R(;ACJ.I(;~ ?O, MAKING np '" ?

AJ.I, BUT W(; CAN DO Bm(;Rl
IF YOU lOOK C~(;lY AT TJ.I(;
FIR~T J.l1~TOGRAM, YOU ~(;(;

TJ.I(; BAR~ AR(; CfiNrfi/lfiP ON
TJ.I(; NUMB(;R~. TJ.lI~ M(;AN~

PrO(*~ 14) I~ ACTUAllY TJ.I(;
AR(;A UND(;R TJ.I(; BAR~ l(;~~

TJ.lAN ;z '" 14.,.. W(; N(;(;D TO
AtCOUNT FOR TJ.lAT (;XTRA s,
AND IN FACT,

Pr( X* ~ 14.?) '" Prcz ~ .8)

'" .1661

A V(;RY GOOD APPROXIMATION
TO .7878 IND(;(;Dl



.Chapter 6.

LI

BY NOW, AFT(;R A ~T~17Y D/I;T OF t::olN~, I7ltl;, AND AB~TRAa

ID~~, YOU MAY BI; WONDI;RING WI-IAT AL.L.TI-II~ ~TATI~TltAL.

(;QUIPM(;NT W(;'V(; BI;I;N BU/L.D/NG I-IA~ TO DO W/TI-I TI-I(; REAL
WORLp, W(;L.L., NOW WI;'RI; FINAL.L.Y GOING TO FIND OUT...

IN TI-II~ tl-lAPT(;R, WI; B(;GIN L.OOKING AT TI-I(; REAL BU~INI;~~ OF ~TATI~Tlt~,

Wl-lltl-l I~, AFT(;R AL.L., TO ~AV(; PI;OPL.(; TIME AND MONEY. P(;OPL.(; I-IAT(; TO
WA~T(; TIM(; DOING lJNNECE~~AI?Y WORK, AND ONI; TI-IING ~TATI~Tlt~ tAN DO

I~ T(;L.L. U~ (;XAt::TL.Y I-IOW L.AZY WI; tAN AFFORD TO BI;.

L..-__.~!!!!==-----_--=:~...

AND BI;~IDI;~, TI-I(; NORMAL. R~L.L.Y I~ TJlE
MOTJlER OF ALL f)/~TRI8lJTlON~!

TI-I(; NORMAL. Wl-lltl-l APPROX/MATI;~ IT MAY BI; L.I;~~ INTUITIV(;, BUT IT'~ V(;RY
~~Y TO U~(;. TI-II; z-TRAN~FORM t::oNVI;RT~ ANY NORMAL. TO TI-I(; ~TANPARP

NORft1AL, AL.L.OW/NG U~ TO R~D PROBABIL.ITI(;~ ~TRAIGI-IT OUT OF A ~INGL.(;

NUM(;R/tAL. TABL.I;.

WI-IAT'~ ~ GR~T ABOUT TI-I/~ NORMAL. APPROXIMATION? TI-I(; BINOMIAL.
D/~TR/BUTION OUUR~ tOMMONL.Y IN NATURI;, AND IT I~N'T I-IARI7 TO UNI7(;R­
~TAND, BUT IT tAN B(; T/RI;~MI; TO tAL.tUL.ATI;.



1

ANP T~r; ANswr;R,
W~It~ YOU S~OUL.P .
INStRIBr; IN YOUR
BRAIN FORr;vr;RMoRr;,
WIL.L. TURN OUT TO
Br;: IF n IS T~r;

NUMBr;R OF IT~S IN
T~r; SAMPL.r;, T~r;N

r;vr;RYT~ING IS
GOVr;RNr;p BY

AN OBvious Qur;STION IS: ~ow SIG A SAMPL.r; PO wr; ~Avr; TO TAKr; TO Gr;r
Mr;ANINGFUL. Rr;SUL.TS?

OUR Mr;r~op IS TO TAKr;
A ~MiPL&••. A
Rr;L.ATIVr;L.Y SMAL.L.
sussr;r OF T~r; TOTAL.
POPUL.ATION, T~r; WAY
POL.L.STr;RS PO AT
r;L.r;alON TIMr;.

TI-l~ P/tKI.~-JAR MAK~R~

N"D TO KNOW!

PltKI.~~: WI-lAT'~ TI-l~/R

AV~RAG~ I.~NGTI-l?
MANUFACTUR~D GOO~:

WI-lAT PROPORTION W/I.I.
B~ D~F~tT/V~?

BUT wr; ARr;N'T Sr;AVr;RS-Wr;'Rr;
~TAT/~TlCIAN~! wr;'Rr; L.OOKING
FOR T~r; &A~Y WAY OUT...

T~r; INPUSTRIOIJS,
~ARP-WORKING,

SIMPL.r;-MINPr;p
Sr;AVr;RL.IKr; WAY TO
ANswr;R T~r;sr;

Qur;STIONS WOUL.P
Br; TO Mr;ASURr;
r;vr;RY SINGL.r;
PltKL.r; IN T~r;

WORL.P (SAY) ANP
PO SOMr;
ARIT~Mr;rlt.

nil; PROSL.~ WIT~ T~r; WORL.P IS T~AT T~r; lOL.L.r;alONS OF STUFF IN IT
ARr; so L.ARGr;, IT'S ~ARP TO Gr;r T~r; INFORMATION wr; WANT:

'0 9.



~ELLo~ ~S~T Fo~

PR~lDEt-lT HE~"QUAR~!

UNBIASJ;p: EAtI-l UN'T I-lAS TI-lJ; SAMJ;
CI-lAN" OF BJ;,N6> CI-lOSJ;N.

INDJ;PJ;NpJ;NCJ;: $J;L.J;tTION OF ONJ;
UN'T I-lAS NO INFL.UJ;N" ON TI-lJ;
SJ;L.J;tTION OF OTJ.lJ;R UN'TS.

1)

2)

LE RANDOM SAMPLE
Y

.... I ,.

UNFORTUNATJ;L.Y, IN ntJ; RJ;AL. WORL.D, COMPL.\;TJ;L.Y UNBIASJ;p, 'NpJ;PJ;NpJ;NT
SAMPL.J;S ARJ; I-lARp TO FINp. FOR 'NSTAN", SURV(;'I'N6> VOTJ;RS BY RANpOML.Y
p'AL.'N6> TJ;L.J;PJ.lONJ; NUMBJ;RS IS BIMJ;p: IT 16>NORJ;S VOTJ;RS WITJ.lOUT A
TJ;L.J;PJ.lONJ; ANp OVJ;RSAMPL.J;S PJ;OPL.J; WITI-l MORJ; TJ.lAN ONJ; NUMBJ;R.

TI-lJ; S'MPL.J; RANpOM SAMPL.J; HM TWO PROPJ;RT,J;S TI-lAT MAKJ; 'T TI-lJ;
STANPARD AbA'NST WI-l'CI-l WJ; MJ;ASURJ; AL.L. OTI-lJ;R M\;TJ.lOli'$:

$UPPOSJ; WJ; I-lAVJ; A L.AR6>J;
POPU\..ATION OF OBJJ;tTS AND A
PROCJ;pURJ; FOR SJ;L.J;tT'N6> n OF
TI-l\;M. IF ntJ; PROCJ;pURJ;
J;NSURJ;S TI-lAT ALL PO~~/gL&

~AMPL&~ OF n OBJJ;tTS ARJ;
&QUALLY LlK&LY, TI-lJ;N WJ; CAL.L.

TI-lJ; PROCJ;pURJ; A 51mple
random sample.

THE 51

TI-lJ; ~&L&crION PROC&~~

IT~&LF IS CRITICAL.. FOR
J;XAMPL.J;, A VOTJ;R SURV(;'I TI-lAT
SYST\;MATICAL.L.Y J;XCL.UpJ;p BWK
PJ;OPL.J; WOUL.P BJ; WORTI-lL.J;SS,
ANp TI-lJ;RJ; ARJ; A I-lOST OF
OTI-lJ;R WAYS TO RUIN, OR BIM, A
SAMPL.J;.

NOT TO PROL.ON6> TI-lJ; MYSTJ;RY, TI-lJ; WAY TO 6>\;T STATISTltAL.L.Y pJ;PJ;NpABL.J;

RJ;SUL.TS IS TO CI-lOO$J; TI-lJ; SAMPL.J; AT random.

5 LI
ESI

BJ;FORJ; pOIN6> TI-lJ; NUMBJ;RS, WJ;
SI-lOUL.P POINT OUT TI-lAT TI-lJ;
QUALITY OF TI-lJ; SAMPL.J; IS AS
IMPORTANT AS ITS ~/Z&. HOW PO
WJ; ASSURJ; OURSJ;L.VJ;S TI-lAT
WJ;'RJ; CI-lOO$IN6> A
RJ;PRJ;SJ;NTATM; SAMPL.J;?



AN G)(AMPL.b I~ A zrrv
HOU~IN6- ~URYbY WHltH
{7IYI{7b~ A tlTY INTO
8L.OtK~, RAN{70ML.Y
~AMPL.b~ TJ.\b 8L.OtK~,

ANI' L.OOK~ AT /;\IbRY
J.lOU~IN60 UNIT IN bAtH
~AMPL.G{7 8L.otK.

Stratifie
~AMPL.IN6-: {71YI{7b THb
POPUlATION UNIT~ INTO
HOM06obNbOU~ 6-ROU~

(~TRATA) ANI' {7RAW A
~IMPL.b RAN{70M ~AMPL.b

FROM bAtH 6-ROUP.

FOR b)(AMPL.b, THb POPUlATION OF AL.L. PICKLE~ tAN 8b ~TRATIFlb{7 8Y
TYPE OF PICKLE. WITHIN bAtH TYPb OR ~TRATUM, THb ~IZb ~HOUL.{7 8b
L.b~~ YARIA8L.b.

Cluster ~AMPL.IN6- 6-ROU~ THG POPUL.ATION INTO ~MAL.L.
tW~TbR~, {7RAW~ A ~IMPL.G RAN{70M ~AMPL.b OF

lW~TbR~, ANI' 08~bRYb~ /;\IbRYTHIN6- IN THb ~AMPL.b{7 tW~TbR~. THI~ tAN 8b
~T-bFFbalYb IF TRAYbL. ~T~ 8GTW"N RAN{70ML.Y ~AMPL.b{7 UNIT~ I~ HI6-H.

EQUIYAL.bNTL.Y, Wb tAN Pur AL.L. THb
NAMb~ ON tAR{7~ ANI' PUL.L. n OF
THbM our OF A {7RUM.

ARb THbRb OTHbR WAY~ TO ~AMPL.b THAT ARb MORb EFFICIENT ANI' CO~T­
EFFECTIVE THAN A ~IMPL.b RAN{70M ~AMPL.b? Yb~-IF YOU AL.RbA{7Y KNOW
~Mr;rHIN6- ABOUT THb ·POPUL.ATION. FOR IN~TANtb ...

Bur THI~ I~ NOT AL.WAY~ bA~Y. MAKIN6- THb FRAMb MAY 8b PROHI8IT1YbL.Y
t~TL.Y, roNTROYbR~IAL., OR /;\IbN IMP~~18L.b. FOR bXAMPL.b, AN E.P.A. WATbR
QUAL.ITY ~TUl7Y N"{7b{7 A ~AMPL.IN6- FRAMb OF lAKb~ IN THb U.S., ~O THbN
SOMbBOl7Y HA~ TO {7btl{7b:

rrs nlbORr;rltAL.L.Y P~~I8L.b

TO 6-r;r A RAN{70M ~AMPL.b 8Y
8UIL.{71N6- A ~AMPLING

FRAMe: A L.I~T OF /;\IbRY
UNIT IN THb POPUL.ATION. BY
U~IN6- A RAN{70M NUM8bR
6-bNbRATOR, Wb tAN PltK n
08JbtT~ AT RAN {70M.



WITHOUT RAN170MIZG17
I7G~IGN, THGRI;; CAN 8G NO
PGPGNPAf~L.G ~TATI~TICAL.

ANAL.Y~I~, NO MATTGR
HOW IT I~ MOI7IFIGI7. THG
8GAlJTY OF RAN170M
~AMPL.ING I~ THAT IT
"~TATI~TICAL.L.Y

GlJARANT"~" THG
ACClJRACY OF THG ~lJRVGY.

A CL.A~~IC G)(AMPL.G I~ $"GRG HITG'~ WOK, WO!tt&N AN/) LOVE. 100,000

QUG~TIONNAIRG~WGNT TO WOMI;;N'~ ORGANIZATION~ (AN OPPOtn'UNITY
~MPLGJ. ONL.Y 4.~ WGRG FIL.L.G17 OUT ANI7 RGrlJRNGP (RIi~PON~E "A~.
$0 HGR ·RG~lJL.T~· WGRG 8A~GI7 ON A ~AMPL.G OF WOMGN WHO WGRG HIGHL.Y
MOTNATGI7 TO AN~WI;;R THG ~lJRVr;y'~ QlJI;;~TION~, FOR WHAT(;VGR RGA~N.

A COMMONL.Y lJ~GI7 MGrI-lOP I~ G~PGCIAL.L.Y PRONG TO 81M: IT'~ CAL.L.GP AN

opportuni ~AMPL.G. AVOIPING AL.L. ----_-......
THG 80THGR OF I7G~IGNING A t> M'T mR~,,/ I

PROCGI7URG, THG OPPOR/lJNITY v.J~ VOL..U,.rf~eQ\:t>!
~AMPL.GR JU~T GRA8~ THG
FIR~T n POPUL.ATION UNIT~

TO COMG AL.ONG.

Word of warning #2:

J

~- ......-

S l e tna l 4ltic ~AMPL./NG ~TAR/~ W/T~ A RAN170ML.Y
C"'~GN UNIT ANI7 TI-IGN ~I;;L.GCT~ (;VGRY k.TH

UNIT THGRGAFTGR. FOR IN~TANCG, A UIGUWAY TRAFFIC ~TU/)Y MIGI-IT CHGCK
(;VGRY HUNPRGI7TH CAR AT A TOL.L. WOTH. nll~ PL.AN I~ GMY TO IMPL.GMGNT
ANI' CAN 8G MORG GFF/CIGNT IF TRAFFIC PATTI;;RN~ VARY ~MOOTHL.Y OVGR T/MG.

Word of warning # 1 :
M~T ~TAT/~T/CAL. MGTHO~ PGPGNP ON
THG INPGPGNPGNCG ANI' L.ACK OF B/M OF
THG ~IMPL.G RANPOM ~AMPL.G. TI-IG RG~lJL.T~

Al-lGAP APPL.Y TO THG ~IMPL.G RANPOM
~AMPL.G ONLY. FOR OTHGR ~AMPL.ING

PROCGl7lJRG~, T"'G RG~lJL.T~ MlJ~T BG
MOI7IF/GI7. THI;; I7GrAIL.~ APPGAR IN
~PGC/AL.IZGP ~AMPL.ING TG)(T800K~ ANI'
COMPUTGR AL.GORITHM~.



AND W' ANSW'R WITH
ANOTHGR QU'STION: WHAT
DOGS TH' FIRST
QU'STION M~N?

NOW THG PROPORTION OF SUU(;SS(;S IN TH(; SAMPL.'; SHOUL.D S'; SOMbWH';R';
AROUND p... so WG tAL.L. IT p, PRONOUNt';D ·P-HAT."

"" ;tp ~­n

$INtG TI-IG BGRNOUL.LI
MAtl-liNG IS INVISISLG, WG
DON'T KNOW WI-IAT piS,
SUT WG'D UK' TO FIND
OUT. $0 WG TAKG A
RANfJOlA ~AlAPLE OF n
TAlKS, AND FIND TI-IAT
;t OF TI-IGM ARG O.K.

WG ASK: HOW (;.OOD
IS THIS 'STIMAT'?

P IS TI-IG NUMSGR OF SUUGSSGS ;t IN THG SAMPLG, DIVIDGD SY THG
SAMPU; SIZG n. FOR G)(AMPU;, IF P WAS .9';, AND WG SAMPL'D n "'1000

TAlKS, MAY" W' FOUND ;t '" ~1 (;.OOD ON'S, MAKIN(;. fJ '" .932..

\~ .­

~ ~·l)J_

\'011
, ?o,r
~,8~

~OlT • k.

WG THINK OF THIS SITUATION AS IF THGRG WGRG A UlfJfJEN BUT REAL
"BERNOULLI IAACUINE" WHOSG PROSASIL.ITY P 600Vt;RNS THG OUTtoMGS WG
OS$GRVG IN THG SO-tAL.L.GD "R~L. WORL.D."

THG MTUTG R~DGR WIL.L. RGto(;.NllG THIS AS A BERNOULLI ~Y~TEIA: GAtH
NGW TAlK IS THG OUTtOMG OF ABGRNOUL.L.I TRIAL. WITH SOMG PROSASIL.ITY P
OF SUUGSS (I.G., SGIN(;. DGFGtT-FRGG) AND PROSASIL.ITY 1-p OF FAIWRG
(I.G., SGIN(;. DGFGtTIVt;).

NOW L.1;1"'S (;.1;1" DOWN TO
BRA~~ TACK~... R~L. SRMS
TAlKS, THAT IS. $UPPOSG THG
BERNOULLI TACK FACTORY IS
tHURNIN(;. OUT SRMS TAtKS,
SOMG OF WHltH, INGYITASL.Y,
ARG fJEFECTWE.

5 LE 51 E
& standard error



101

1) THr; Mr;AN OF P I~ E[ Pl '" P
2) THr; ~TANDARD Dt;VIATION OF P I~

......p Vp(1-p)
0-( J '" ..;..:....,-..:.-vn

......
3) FOR I.ARGr; n, P I~

APPROXIMATr;I.Y NORMAl..

AND, ~INt(; P I~ Nr;ARI.Y NORMAl., W(; tAN U~(; OUR RUI.(; OF THUMS TO
tONtl.UD(; THAT APPROXIMAT(;I.Y 69% OF Al.l. (;~TIMAT(;~ WII.I. FAI.I. WITHIN ON(;
~TANDARD 1:7t;VIATION OF TH(; TRU(; VAW(; p.

AND THr;Rr; YOU HAvr; IT Al.l.! THr; os~r;RVr;D VAW(;~ OF PWII.l.. S(; t(;NT(;R(;D
ON p (NOT ~URPRI~INGI.Y), AND TH(;IR ~TANDARD Dt;VIATION, OR ~PRr;AD, I~

PROPORTIONAl. TO THAT MA6>lt NUMsr;R wr; Mr;NTIONr;D AT TH(; S(;GINNING OF
TH(; tHAPT(;R:

KNOWING Al.l. A80UT X, wr; QUltKI.Y tONtWDr; A Ft;W FAtT~ A80UT P:

too

TO sr; PRr;t/~r;. IF X I~

THr; NUMSr;R OF
~uur;~~r;~ IN THr; ~M1PI.r;,

THr;N X I~ NOTHING SUT
OUR OI.D FR/r;ND THr;
S/NOM/AI. RANDOM
VAR/ASI.r; (n TR/AI.~,

PROSAS/I.ITY p)... AND wr;
Dr;F/Nr; THr; OfJ~{;RV{;f)

PlfOPORTION TO sr; THr;
RANDOM VARIASU;



\ O'(~):::

\ ;J'f<:;'PJ

\
KO'->',

f

FINP AN 'STIMATOR, ITS TJ.I'OR(;TllAI..
SAMPI..ING> PISTRIBUiION ANP
STANDARP D(;VIATION.

R'PORT TJ.I' R'SUI..T ANP ITS
STATISTltAl.. OR SAMPL.ING> 'RROR.

r

AcrUAI..I..Y PRAW A RANPOM SAMPI..'
AN\? FINP TJ.I' 'STIMAT'.

D'FIN' POPULATION WITJ.I UNKNOWN
PARAM(;T'R

MOST OF STATISTllS INVOI..V'S TJ.I' 4-ST'P PROl'SS W'V' JUST WAI..K'P
TJ.IROUG>J.I:

SAMP~ SIZ'S FOR TAtKS. P ... 0.9~

n 4 16 1S" 100 10,000

vn 1 4 S" 10 100

(T(fiJ :3'11 .119~ .099 .011 .03", .0036

J02.

601NG> gAtK TO nu; TAtKS,
WITJ.I n ... 1000 ANP P ....9~,
W' G>~ A STANPARP
P(;VIATION OF

so W, ,xP,cr AWUi 69%
OF OUR 'STIMAT'S TO FAI..l..
IN TJ.I' NARROW INT'RVAI..

TJ.I' STANPARP P(;VIATION OF P IS A M~SUR'

OF TJ.I' sampling error.
AS W"V' S"N. FOR TJ.I' glNOMIAI.. P. TJ.lIS
SAMPI..ING> 'RROR IS INV'RS'I..Y PROPORTIONAl..
TO vn. INtR~SING> TJ.I' SAMPI..' SIZ, gy A
FAcrOR OF 4 R'PUt'S TJ.I' SPR~P u(P) BY A
FAcrOR OF 1.



X?

I? Ti-lERE. ~N'iTI·W.\.6

iH~T ISN·r A
R,MJDOM VARIABLE?

-X?

roS'

-)(?

E[X] -'::')A.

q{X) -.::. rm

AS Bf;FORf;. Wf;'D I..IKf; TO KNOW -I-IOW tL.OSf;- TI-IIS IS TO)A.. Mf;ANING, IF
TI-IIS SAMPL.ING Wf;Rf; DONf; MANY TIMf;S. WI-IAT'S Tl-lf; DISTRIBUTION OF X?
Bf;CAUSf; Wf; KNOW ABOUT )(1' X1..... AND Xn• Wf; AL.SO KNOW TI-IAT

NOW Wf; L.OOK AT Tl-lf; SAMPL.f;
Mf;AN: Tl-lf; AVf;RAbf; L.f;NGTI-I OF
Tl-lf; Sf;lf;af;D PltKL.f;S. IT'S A
Nf;W RANDOM VARIABL.f; GIVf;N
BY:

X :::. X,+ X2+ ... + Xn

n

ONtf; AbAIN. Wf; S" Tl-lf;
MAblt Df;NOMINATORI Tl-lf;
SPRf;AD OF OBSf;RVf;D
SAMPlf; Mf;ANS GOf;S AS

1
ff'

BUT Wf; DON'T KNOW Tl-lf; SI-IAPf; OF X'S DISTRIBUTION. Tl-lf; SAMPL.f;
PROBABILITY ()/~TRIB{)TION PWAS AlMOST NORMAL.. Bf;CAUSf; IT WAS BASf;D
ON A BINOMIAL. RANDOM VARIABL.f;. BUT WI-IAT ABOUT X. Tl-lf; SAMPL.f; IAEAN
f;STlMATOR???

~"'RAN6:PE) ~OW
MOLl-' \Nb K~OW ~eouT

t<~~t7DN\ \lAR\~B(..~
Wt;: 'Ol9p,l'T ~V'N Kt-lOW
Vl~E- k>j>.NDOM VARI~eL.ES

A MINUTE W:1o•..

IF )A. IS Tl-lf; (UNKNOWN)
Mf;AN PltKL.f; L.f;NGTI-I. AND
0- IS Tl-lf; STANDARD
DI;VIATION OF Tl-lf; PICKLE
LfiNGTU ()/~TRIB{)TION,

Tl-lf;N

NOW Wf; MOVf; FROM BRASS TAtKS TO DIL.L. PltKL.f;S...

JAR MANUFACrURf;RS WOUL.D L.IKf; TO KNOW Tl-lf; AVERAGE LENGTU OF A
PltKL.f; WITI-IOUT f;XAMINING I;Vf;RY tUtUMBf;R IN CAL.IFORNIA. Tl-lf;Y RANDOML.Y
Sf;L.f;a n PltKL.f;S AND Mf;ASURf; Tl-lf;IR L.f;NGTI-IS .It" .lt

1
• ..., .ltn.

8Y NOW YOU MAY Bf;
USf;D TO Tl-lf; IDf;A
THAT (;Atl-l Xi IS A
RAN()OIA VARIABLfi:
Tl-lf; NUMf;RICAL.
OUTtoMf; OF A
RANDOM f;XPf;RIMf;NT.

(~T/~O~
~GAN P/c.K~
.~

Sampling Distribution
of the E

E[Xd :::')A.

o-(Xi ) :::. 0-

FOR I;Vf;RY i (Bf;tAUSf; .lti
toUI..D HAVf; 8f;f;N Tl-lf;
L.f;N60TI-I OF ANY PltKL.f;).
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T~G I~RGG PR08A81L.1iY I7GN"ITIG" AWVG All ~AV'; T~G "AM'; MGAN ANI7
"IANI7ARI7 I7GVIATION. DG"PITG T~GIR DIFFGRGNI "~APG", W~GN n~1o, T~';

"AMPI..INbl7l"TRI8UTION" OF T~G MGAN. X, ARG NGARlY II7GNTI£:Al.

106

y

Pr(a~ x« b) ::: Vr (a.-)J-_ < Z < b -t<- )
0'/.JVt - - a/.[Yi.

W~AT I" R~ARKA8I..G ABOUT r~I"? IT "AY" r~AT RGbARI7I..G~ OF T~G "~APG

OF r~G ORlblNAI.. I7I"rRI8UTION (IN T~I" lA"G. OF PI£:KI..G L.';NbT~"). T~G

TAKINb OF AV&RA~~ RG"UL.T" IN A NORIML. TO FINI7 T~G I7I"TRI8UTION OF
X, WG N"17 KNOW ONLY T~G POPU!..ATION MGAN ANI7 "TANI7ARI7 I7GVIATION.

IT TURN" OUT T~AT X '" AI.."O APPRO){IMATGI..Y NORMAI..! r~I" FAMOU"
RG"UI..T '" lAl..l..GI7 ntG

IT $AY": IF ONG TAKG" RAN170M "AMPI..G"
OF "'ZG n FROM A POPU!..ATION OF MGAN
p- ANI7 "TANI7ARI7 I7GVIATION cr. T~GN. M
n bGT" !..ARbG. X APPROAt~G" T~G
NORIML P/~Tf(16(JrION WIT~ MGAN p-
ANI7 "TANI7ARI7 DGVIATION %if. r~GN



~ To~stTo
HS'( ~~ll'HM~Trc!

~)
~'-= ( +~-('1')--1...-__-.1-' - ~.. • .. ' ..

IN nils tJ.lAPTI;;R, WI;; toNSIDI;;RI;;D A tl;;NTRAI... PROBI.../;M OF RfiAL-WORLfJ
~TAT/~TlC~: J.lOW TO sI;;l...I;;a A ~AMPLfi FROM A I.ARGI; POPUI.ATION SO TI-iAT
STATISTltAL. ANAL.YSIS tAN BI;; VAL.ID. SI;;SIDI;S Tl-il;; "GOL.D STANDARD" OF Tl-il;;
SIMPL.I;; RANDOM SAMPL.I;;, WI;; AI...SO DI;;StRIBI;;D SOMI;; OTJ.ll;;R SAMPI...ING Stl-i/;MI;S
TJ.lAT ARI;; USI;;D IN TJ.ll;; INTI;;RI;;STS OF I;;FFltll;;NtY, lOST. AND PRAtTltAL.ITY.

WI;; FOUND TJ.lAT SAMPL.I;;
PROPORTION~ PWI;;RI;;
APPROXIMATI;;L.Y NORMAL.L.Y
DISTRISUTI;;D, WJ.lIL.1; TJ.ll;;
DISTRIBUTION OF TJ.ll;;
SAMPL.I;; M~N X DI;;PI;NDI;;D
ON TJ.ll;; SAMPL.I;; SIll;. FOR
I.ARGI;; SAMPl...I;;S, TJ.ll;;
DISTRIBUTION WAS
APPROXIMATI;;l...Y NORMAL.,
WJ.lIL.I;; FOR SMAL.l... SAMPL.I;;S,
WI;; USI;; TJ.ll; STUDI;;NT'S t
DISTRIBUTION.

t I? MORG ?PRGAD OUT THAN Z. IT'?
"FI.ATTI,;R" THAN NORMAl.. THI? I?
BGtAU?1,; TH(; (J?G OF ? INTRODUt(;?
MOR(; UNtI,;RTA/NTY. MAKING> t
"?1.0PP/GR" THAN Z.

~?{;T WA? ABI.I,; TO tDMPUTI,;
TABI.G? OF t FOR VAR/OU? ?AMP!..I,;
?/Z(;?, WI·lItH wr; WI!..!.. ?I,;(; HOW TO
u?r; IN THr; FO!..!..OWIN6> tHAPTr;R.

o

Tl4e ~1U~F 6e-r?
You O\<IJN.t<)
t-to M~\TER

HOW LO(j~Y!

.. .

nl(; AMOUNT OF ?PRI;AD DI;;PI;;ND? ON
THI;; ~AlltPU; ~/Zb. TH(; G>RI;;AT(;R TH(;
?AMPI.(; ?IZ(;. TH(; MORI;; tONF/D(;NT W(;
tAN B(; THAT? /? N(;AR (7", AND TH(;
tI.O?I;;R t G>{;T? TO e; THG NORMAl..

/tJOOMj).,L

.........~ l/1R60t:12
SAMPL.E t.

$MlLLE.R
S"M{'I..E t.
,/

YOU tAN THINK OF TH(; RANDOM VAR/ABI.(; t A? TUb fJb~T Wb CAN PO IJNPbH
TUb CIHCIJ/It~TANCb~. IT? DI?TRIBUTION I? tAl.l.(;D ~TIJPbNT'~ i: B(;tAU?(; IT?
INV(;NTOR. WIUIAIIt GO~~{;T, PUBI.I?H(;D UND(;R TH(; P?(;UDONYM "STUD(;NT."

(~?{;T WA? /;MPI.OY(;D BY nl(; GUINNb~~

fJRliWbRY, WHltH R(;QUIR(;D HIM TO U?(; A
P?(;UDONYM. FOR ?OM(; R(;A?ON.)

MAKING> TH(; M?UMPT/ON THAT TH(;
OHI6INAL POPIJLATION P/~THlfJIJTION

WA~ NORIML, OR NI;ARI.Y NORMAl..
"STUD(;NT" WA? ABI.(; TO tONt!.UD(;:

.17\



.Chapler 7.

IN nil; NI;XT TWO t!-lAPTI;RS. WI; l..OOK
AT !-lOW TO USI; T!-lI;SI; I7ISTRIBUTIONS TO
MAKI; ~TATI~TlCAL INFIiR{;NCG~: bIV(;N A

SIN6>1.1; 08SI;RVATION. I.IKI; A POl.ITltAl.
POI.I.. !-lOW 170 WI; USI; OUR KNOWI.(;I76>'

OF PANI7 X TO GVAWATI; IT?

C FI
I TE

E CE
LS

110 111



INPUCT'W& R&A~ONIN~, 8Y
toNTRA~T, AR60IJ(;~ gMKWARP
FROM A ~(;T OF 08~(;RVAT/ON~

TO A R/;A~NA8~1;; I-lYPOTI-lI;;~/~:

\l'~ LlK~ A CRIMH,JAL
INV~llb~iIOt-l, W/>-T-50fJ,!

HM. L.ORD FA'S18AlK''S
/riONO~AM ON nil'S

J.lAN{)I(finC#lfiF AND 1"1-I1'S
tWN. FM18AlK I'S 1"1-11;

MURDI;RI;R. WA1"'SON. I'M
9~% CfiHTAIN!

TH/~ ~H/FT RI;;PRI;;~I;;N1"~ A tI-lAN601;;
IN OIJR MOI7I;; OF TI-l/NK/N60-FROM
I7l;;l7IJti/VI;; R/;A~NIN60 1"0
INPUCT'ION.

IN P&WCT'W& RIBA~ONIN~, WI;; R/;A~N
FROM A I-lYPOTI-lI;;~/~ TO A 'ONtW~/ON:

"IF ~ORI7 FA~T8AtK 'OMM/rrl;;l7 MIJRI7I;;R,
THI;;N I-ll;; WOIJ~17 W/PI;; 1"H(; F/N60(;R­
PRINT~ OFF TI-l(; 6oIJN."

IN MANY WAY~, StlI;;Nt(;, INtWI7/N60 STAT/ST/tS, IS ~/KI;; 17(;Tl;;ti/VI;; WORK.
BI;;60/NNIN60 WITI-l A ~(;T OF 08SI;;RVATIONS, WI;; ASK WI-lAT tAN 81;; SA/I7 A80lrr
TI-ll;; ~YST/;MS TI-lAT 6oI;;NI;;RAT(;17 TI-l/;M.

11~

i41A.i I~,

GlVE"" ~ ?INbl.E
~)( Of "'A',,~,1-~
"~E ~U\...'T" ex
T.-I' l.A?T ~A'PTE.r<,

W,",j).'T CAt-.! vJG.
COt-l<::/...U~ '?

---.,~- ,.

112.

IN nil; L.A~1" tHAP'TI;;R WI;;
1.001'1;;17 A1" ~AMP~/N60.

$TARl/N60 WITH A L.AR601;;
POPIJL.A1"/ON, WI;; IMAt;./NI;;I7
1"AKIN60 MANY ~AMP~I;;~, ANI7
WI;; 171;;I7IJtl;;17 HOW ~MI;;

~AMP~I;; 1;;~1"/MA1"OR~ WI;;RI;;
17/~1"R/8lrrl;;l7.

IN TH/~ tHAP'TI;;R, WI;; 170 THI;; R(;vI;;R~I;;. GIVI;;N ON& ~AMP~I;;, WI;; A~K THI;;
QIJI;;~1"/ON, WHA1" WM 1"HI;; RAN170M ~Y~1"/;M TI-lAT 6oI;;NI;;RA1"1;;17 11"~ ~TAT/~T/t~?



AFTGR ASTUTG tAI..MS
DOWN. I-IOI..MGS GXPI..AINS
WI-IAT I-IG MGANS 8Y 9;%
CONFIPGNCG: HG KNOWS
TI-IAT I-IIS GSTIMATION
PROlGDURG I-IAS A 9f%
PROBABILITY OF
PRODUtlN6- AN INTGRVAL.
toNTAINING p. I.G•• IN I-IIS
MANY YGARS OF POL.L.IN6-.
P I-IAS FAL.L.Gt-A WITI-IIN TI-IG
toNFIDGNtG INTGRVAL.
AROUND TI-IG 08SGRVGD
VALUG. fl. 9';% OF TI-IG
TIMG.

11~

I DON'T tARI;; IF
TJ..II;;RI;; ARI;; A

MIL.L.ION OR A
BIL.L.ION...

TI-IIS IS TI-IG SIN6-I..G
08SGRVATION.

A) HI;;'S GOD'S 601FT
TO J..IUMANITY
HI;;'S TJ..II;; DI;;ITY'S
SPl;;tIAL. BL.I;;SSIN6o
ON MOST OF
J..IUMANITY

AFTGR tGNSORIN6- TI-IG RGMARKS OF A FGW GRUMPY OUTI..IGRS. I-IOI..MGS FINDS
TI-IAT 'S'SD VOTGRS FAVOR I-IIS t 1..1GNT. SGNATOR ASTUTG.

E I I
CONFIDENCE INTERVALS
IS Ot-II; OF nil; MOST
GFH;crlVG FORMS OF
STATISTltAl.. INFGRGNtG.
ANt' ONG yOU SGG GVGRY
DAY 8GFORG GLGCTION
TI/t4G...

IN A RGtGNT GI..GcrlON SOMGWI-IGRG. INtUM8GNT SGNATOR A~TlJTG (AUGNT
ON TI-IG I..AST SY1..1..A81..G. PI..GASGI) toMMISSIONGD A POI..I.. 8Y BGrrGR JlOL/IIG~

RG~GARCJI. POI..I..STGR I-IOI..MGS DRAWS A SIMPI..G RANDOM SAMPI..G OF 1000

VOTGRS AND ASKS TI-IGM WI-IAT TI-IGY TI-IINK OF ASTUTG.



2

9,°io Of
ARRO~
LAN\) WITI'll"

.; 'T!-\IS
INTERVAL.

1
1o

HOl.Mr;~ NOW TRANSL.ATr;~

TI-lr; ARll-lr;RY l.r;~~N INTO
TI-lr; L.ANGLJAGr; wr;
Dr;vr;l.Opr;D L.A$T lJ.lAPTr;R.

12

111

.97 ~ Pr (-1.96 $; Z $; 1.96)

Step One: $I-lOOT A LOT OF ARROW$.

A PR08A81L.ITY CAILUL.ATION FIND$
TI-lr; WU7TI-l OF TI-lr; "8UL.L.'~-r;yr;."

TI-lr; r;~TIMATr;~ p ARr; OUR ARROW~.

wr; ~AW TI-lAT TI-lr; ~AMPL.ING

DI~TRI8UTION OFP I~ Nr;ARl.Y
NORMAL WITI-l Mr;AN P AND
~TANDARD Dr;vIATION

$INlr; TI-lr; lLJRVr; I~ NORMAl., wr; u~r; TI-lr; l-TRAN~FORM AND A ~TANDARD

TA8l.r; TO FIND TI-lr; WIDTI-l OF TI-lr; INTr;RVAl. WITI-lIN Wl-lllJ.l 9;% OF TJ.lr;
"ARROW~" I-lIT. (wr;'l.l. ~r;r; r;XAal.Y 1-l0W TO DO TI-lIS IN A F(;W PAGr;~.) wr;
FIND nils WIDTI-l TO 8r; 1.96 ~tANDARD Dr;vIATION~:(PR08A81L.I'ST'S

U'S' TH' T'RM
~rOCNA~r/C

TO DI;'StRI8'
RANDOM
MOD'L.'S. IT'S
DI;RIVI;D FROM
TH' GR"K
~rOCNAZ&~­

rNA/, Mt;ANING
TO AIM AT A
TARGj;;T, OR
GU''S'S, FROM
~rOCNO~, A
TARGI;T.)

KNOWING THI; ARtH'R''S 'SKIL.L. L.t;VI;L.,
THI; DI;T'tTIV' DRAW'S A tlRtL.1; WITH
10 o« RADIU'S AROUND TH' ARROW.
"" NOW HA'S 9ffl CONF/P&NC& THAT
HI'S tIRtL.' INtL.UDI;'S T.HI; t'NTI;R OF
TH' 8UL.L.''S-I;YI;!

WN'SIDI;R AN ARtHI;R-POL.L.'STI;R 'SHOOTING AT
A TARGI;T. SUPPO'SI; THAT 'SHI; HIT'S THI; 10 eM
RADIU'S 8UL.L.''S-I;Y, 9;% OF TH' TIM'. THAT I'S,
ONL.Y ONI; ARROW OUT OF '2.0 MI'S'SI;'S.

11&

H' Rt;A'SONI;D THAT IF HI; DRI;W 10 eM RADIU'S tIRtL.I;'S
AROUND jlMNY ARROW~, HI'S tIRtL.I;'S WOUL.D INtL.UD'
THI; tl;NTI;R 9;% OF THI; TIMI;.

SITTING 81;HIND TH' TARGI;T I'S A 8RAVI;
Dl;Tl;tTIVl;, WHO CAN'T 'SI;I; THI; 8UL.L.''S­
I;Y,. THI; ARtHI;R 'SHOOT'S A 'SINGL.I;
ARROW.

SI;NATOR MTUTI; I'S 'STU.L.
tONFU'SI;D! 'SO HOL.MI;'S GIVI;'S

HIM AN archery lesson..



Hb MAKbS USb OF STbP ONb TO
toMPUTb

%(p"')", AI (.17E;)(A~I_'y \000 - .01'f7

Hb tONtLUDbS THAT Wb tAN HAVb
97"% tONF/DbNtb THAT p IS WITHIN
THb RANGb

P* '·9b SEep)

:::: • t;t;O:t (1·9')(, OI?7)

:; .~50 ± .031

1 .,.,.,E MARblN OF
\ / ERROR WA-~ '3~)

/ ""....,- WHATeveR rHA"'"
M~,A/'(dJ•••

~

119

NOW OUR PROBABIl.ITY tAUUI.ATION IS 170N(;, ANI7 IT'S TIM~ FOR...

AGAIN, TI-IIS ~QUATION P~StRIB~S TH~

PROBABIl.ITY THAT TI-I~ TRU~, FIX~17

POPUI.ATION PROPORTION FAl.L.S
WITI-IIN TH~ RAN/)OM INTERVAL

(fJ - 1.96 S~(fJ), fJ + 1.96 S~(fJ)).

IF W~ SAMPL.~17 R~P~T~I7l.Y, TI-I~S~

INT~RVAl.S WOUl.17 rov~R p 9,% OF
TH~ TIM(;.

Step Two:
nil; D/;TblTlVb WORK. IN A RbAL POLL,
HOLMbS TAKbS JUST ONb SIMPLb
~NDOM SAMPLb OF 1000 VOTbS, FINDS
P '" .,,0, AND WANTS TO INFbR p.

NOW TH~ FORMUI.A IS

.95 = Pre f-l·9bS~(f) ~ p ~ 13 + 1.9bS~(.p))

TI-IIS IS WI-IAT POl.L.S M~N
WI-I(;N TI-lI;Y R(;F(;R TO TI-I(;IR
"MARGIN OF (;RROR." IN TI-IIS
'AS(;, HOLM(;S FOUNI7 TI-IAT

.&;19 ~ P ~ .&;91,
IN OTI-I(;R WORI7$ TI-lAT

P '" ,,% WITH A ~% MARGIN OF
(;RROR. (POL.l.S TYPltAL.l.Y US(; A
9?'% WNFII7(;N'(; l.I;V(;l..)

SE( P) -::. Vp(1-p)
ffl

IN ITS PW(;... IT'S tl.OS(;
(;NOUGI-I IT'S TI-I(; B(;ST W(;
tAN 170 AN17 IT tAN I;V(;N B(;
TI-I(;ORITltAL.l.Y JUSTIFI(;I7!

$0 W(; FUI7G(; A L.ITTl.(; ANI7 US~

TI-I(; ~TAN/)AR/) ERROR OF 13:,JoIE' C\RCLE,f,
AR~ ~LL PIFFERE:t-\T
~\1.~S ~O'f1) BU'T

\'T/? oKAY)
(<~""L~

NOW W~'R~ IN A POSITION TO VI~ TI-I~ TARGIT FROM 8~HINI7! ON~ MOR~ .
TURN OF TI-I~ AI.G~BRA tRANK MAK~S IT

.9,~ Prep -l.qb<T(pJ ~ l' ~ fJ -+ t,9bo(p))

119

Wl-lltl-l IS JUST ANOTI-I~R WAY OF SAYING TI-IAT 9,% OF TI-I~ P "ARROWS" I.ANI7
B~~~N P - 1.96cr(p) ANI7 P + 1.96cr(p).

Wl-lltl-l B~tOM~S

.95 ~ Pro (f- 1.Qb<T(p) s -p ~ 1'+ r·9bacp))

H~R~ W~ AR~ I7RAWING
tIRtL.~S AROUNI7 A L.OT
OF ARROWS (I.~.,

MAKING INT~RVAL.S

AROUNI7 p) ANI7
SAYING THAT 9,% OF
nl~ WV~R p.

NOW W~ 170 SOM~ AI.G~BRA. BY
I7~FINITION OF TI-I~ Z-TRANSFORM,

.9, ~ Pr (-1.9 b s .p -E. < t.qb)
a(p) ...

BUT TH~R(; IS ON~ TINY PROBl.~... WE /)ON'T ACTUALLY KNOW TUE ~/ZE

of TUE 8ULL '~-r;yE, B~tAUS(; W(; 170N'T KNOW p, ANI7 TH(; wrl7Tl-I IS A
MUl.TIPl.(; OF a'(p),

»<:
~. ~....



MAY8~ rrs ilM~ ro ~" ~XACrI.Y

I-IOW W~ FINI7 il-l~ ~NI7~ OF
il-l~~~ roNFII7~N'~ INi~RVAI.~..,

ANI7 ANOrl-ll;R WOUL.17 SI; TO IMPROVE
TI-IE AIM OF TI-II; ARll-Il;R IN TI-II; FIR~T
PL.All;, ~O I-II;R ARROW~ L.ANI7 lL.~I;R

TO TI-II; SUL.L.'~-I;YI;.

---'---.
ANYTI-IINb I.l;~~, ANI7

MY SIb MONI;Y PI;QPL.I;
WON'T INVI;~T-I MI;AN

CONTRIBUTE TO MY
Flbl-lT FOR L.ISI;RTY

ANI7 JU~TIll;!

12.1

tIM (00% Cot-lflDEtvr
'"AT 1J loS 6(;Tl)l~EN.

o ~ND 1 I.'

AI.il-lOUbl-l 9?%
roNFII7~Nt~ I~

600017 ~NOUGI-I FOR
N~~PAP~R' POI.I.~,

rr I~N'i 600017
~NOUGI-I FOR
~&NATOR A~TIJT&.

H~ WANi~ 99%/

i"'~ FIR~i M~I-IOI7 I~ ~QUIVAI.~Ni ro WlfJ&NIN~ TJ./& CONFlfJ&NC& INT&RVAL.
il-l~ GR~i~R il-l~ MARGIN OF ~RROR, il-l~ MOR~ t~RiAIN YOU AR~ il-l~ iRU~

VAI.U~ OF P I.I~~ IN il-l~ INi~RVAI-

HOW TO INlR~~1; lONFII7I;Nll;? U~INb

TI-II; ARll-Il;RY TARbbf, WI; lAN ~I;I; TWO
WAY~: ONI; I~ TO INCREA~E TI-IE ~/ZE

OF TI-IE CIRCLE YOU I7RAW...

0.56
I

0.54
I

0.52
I

0.50

120

I
0.48

95% Confidence Intervals for p

I
0.460.44

Q)

15..
E
coen

nll~ PAG~ ~I-IOW~ il-l~ R~~UI.rs OF A tOMPUi~R ~IMUl.AilON OF TW~NTY

~AMPI.~~ OF ~IZ~ n ::> 1000. W~ AS~UM~17 il-lAi il-l~ iRU~ VAI.U~ OF P ::> s. Ai
i"'~ iOP YOU ~~~ il-l~ ~AMPI.ING I7I~iRI8UilON OF P(NORMAL., Wlil-l M~N P
ANI7 (T::>Vp(~-p5). B~I.OW AR~ il-l~ 9?% roNFII7~Nt~ INi~RVAI.~ FROM ~I-I
~AMPI.~, ON AV~RAG~, ON~ OUi OF TW~NTY (OR ?~) OF il-l~~~ INi~RVAI.~ WII.I.
NOT lOV~R il-l~ POINi P ::> .?,



fuR THI$ LEVeL Of
CO~F\DI;M'J;l Go OUT
T!-lIS Mp..~'i ~iAI-\.OAl(p

l?EVIA,IOWb!

i-a- .90 .90 .9r; .99
a- .10 .10 .or; .01

a/z .10 .or; .01r; .oo«
Zct 1.26 1.64 1.96 2.,6

T

·~o .$/

HI;RI;'S A urns iABU~ OF il-ll; CRlilCAI..
VAWI;S FOR VARIOUS I../;VI;I..S OF
COt-JFII71;t-JCI;...

ro MAKl; A 99% COt-JFII7I;;t-JCI; It-JiI;;RVAI.., WI; us/; THAT TAgLI; ro WRlil;

.99 '" Prep - 2.?fJSE(p) ~ P ~ P+2.?fJSE(!J))

WI-IICI-I WI; Sl..OPPII..Y AggR/;vIAil; AS

P -:=. P± 1.r;9~P(~-PJ

:: .55:f: .0;1
wllH 99% CotJFI~r;.

1..

AASA =.9,
/

o

TI-IAT'~ 8t=lAU~t= Wt='Rt= lI-lOPP/Nb OFF
·TA/L.~» AT gOTI-I t=N~ OF Tl-lt= lURVt=,
WI-I/ll-I I-IAVt= A TOTAL. ARt=A OF
a- a-
T + T -:=. a-.

-2.

11t

z -2.5 -2.3 -2.2 -2.1
F(z) 0.006 0.011 0.014 0.Q18

z -2.0 -1.8 -1.7 -1.6
F(z) 0.023 0.036 0.045 0.055

z -1.5
F(z) 0.067 O.

FlN17/Nb nil;; (1-a-)'100% lONF/I7t=Nlt=
INTt=RVAL. Mt=AN~: L.OOK AT A ~TANI7ARI7

NORMAL. lURVt=, ANI7 FINI7 Tl-lt= POINT~ ±z
g/;;TWt=t=N Wl-Illl-I Tl-lt= ARt=A I~ 1- a-.

AREA
-::. .025

Pree: ~ Z.02?) ::;. .02;

o

Prcz ~ e: )::;. Q2%
It-J PARiICUI..AR,

WI; CAt-J Flt-J17 z% SiRAIGl-li

FROM il-ll; SiAt-JI7ARI7 t-JORMAI..
iABI..I; (PAGI; fM). Ii'S il-ll;
POlt-Ji Wlil-l il-ll; PROPI;RiY

nll~ RI;I../;vAt-Ji t-JUMBI;R
I-II;RI; WI; USUAI..I..Y tAl..l.. a-.
rr MGASURI;S il-ll;
I7IFFI;RI;t-JCI; B/;iWI;I;t-J il-ll;
I71;SIRI;17 COt-JFII71;t-JCI;
1../;VI;1.. At-J17 CI;RiAlt-JiY. FOR
I;XM\PI..I;, WI-II;N il-ll;
COt-JFII71;t-JCI; 1../;VI;1.. IS 9?%,
OR O.9?, a- IS .O? $0 WI;
SPGAK OF il-ll; (1-a-)'100%

COt-JFII71;t-JCI; I../;VI;I...

TI-I/~ POINT, tAL.L.t=17 Z Q' /~ Tl-lt= z-VAWt=
T

gt;;YONI7 WI-IIll-I Tl-lt= ARt=A I~ .02'; '" ~.



$0 TH&;y DO THE POLL,
AND GO INTO THE
ELEalON WITH 99%

I CONFIPENC!i.
'/

:= 16,641

TAKING A tONSERVATIVr; GUr;SS
OFr: '" s, HOL.Mr;S FIND$

(2,78)2'(.5)'1.
(.01)'2.

(b.b5)(.'2.9)
,0001

BUT... ALL THIS PROBABILITY STUFF IS ONLY GOOD BGFONG AN ELEalON.
AFTGN THE ELEalON, THE SENATOR IS Em"ER 100% IN OR 100% OUTt AND
DESPITE EV&;RYTHING, $ENATOR ASTUTE LO$I;;$ THE EL.EalON...

1000 VOTERS GAVE A ~%

ERROR WITH 9?% WNFIDENCE.
TO GET A 1% ERROR WITH 99%
CONFIDENCE, HOLMES HAS TO
SAMPL.E 16,641 VOTERSl

PI.,-rl<ll3uflor-!?
oF?

_LttRGE' fL

,?MAI-L i'L
I

z Gt 2 p"O-p*)
T

n ::;:.------
(;2

(WHERE p* IS A GUESS AT THE TRUE
PROPORTION p-Rr;Mr;MBER, WE
HAVEN'T TAKEN THE SAMPL.E YET!)

WID&;NING TI-I&; INT&;RVAL. IS ON&; WAY TO INtR&;AS&; OUR WNFID&;Nt&; IN TI-I&;
R&;SUL.i. AS WE M&;NTION&;D, ANOTI-I&;R WAY WOUL.D B&; TO SI-IOOT OUR ARROWS
MONG ACCUNATGLY. IF W&; KN&;w TI-IAT TI-I&; ARtl-l&;R GOT 9?% OF I-I&;R ARROWS
WITI-IIN 1 C.M OF TI-I&; BUL.L.'S-&;Y&;, OUR &;STIMAT&;S tOUL.D BE A LOT SI-IARP&;Rl

HOW DO W&; DO TI-IIS? BY INtR&;ASING TI-I&; SAMPL.&; SIZEl TI-I&; WIDTH OF TH&;
WNFID&;Nt&; INT&;RVAL. D&;P&;NDS ON TH&; SAMPL.l; SIZ&;: TH&; INTI;;RVAL. HAS TH&;
FORM P+ E, WH&;R&; E, TH&; I;;RROR, IS GIVl;N BY

ASTUTE ASKS HOLMES TO GIVE I-IIM A
SMAL.L. &;RROR WITI-I HIGH WNFID&;NtE-SAY
99% WNFIDr;NtE WITH E '" ± .01. HOLMES
$OLVES FOR n.

$0 THI;; BIGG&;R W&;
MAl'&; n, TH&; SMAL.L&;R
TI-IE ERROR. (E.G.,
QUADRUPL.ING n I-IAL.VES
THI;; INTERVAL WIDTH.)



TO ~UMMAR/l~, ~~TIMAT~17

PROPORTION :::. TRU~ PROPORTION +
BIA~ + RAN170M ~AMPL.ING ~RROR.

EV~N POL.L.~T~R~ HAV~ L./M/T~17

FUN~. TH~ Wr~aY tH~~ TO
~P~NI7 TH~IR MON~Y RGPUCIN6
BIA~, RATH~R THAN INtR~A$/NG TH~

~AMPL.~~ B~YONI7 4,000 VOT~R~.

1'2.7

TH~'R ~UU(;~~ I~ I7U(; TO TH~IR U~(; OF (;~TIMATOR~ THAT AUOUNT FOR
NON-R~~PON~(;, ANI7 TH~Y ~tR(;(;N OUT ~L.IGIBL.(; VOT~R~ WHO AR(; NOT
L./K(;L.Y TO VOT(;.

$/Nt~ TH~~~ ~RROR~ tAN B~

L.ARG~, IT ~~L.170M PAY~ TO TAK~

A V~RY L.ARG~ RAN170M ~AMPL.~.

IN TH~ L.A~T FIV~ PR~~/I7~NTIAL. ~L.~tT/ON~, TH~ GAL.L.UP POL.L. HA$ INT~R­

V/~W~17 F~~R THAN 4,000 VOT~R~ FOR (;AtH (;L.(;tTION. Y~ IN AL.L. F/V(;
~L.~tTION~, TH~ GAL.L.UP ORGAN/lATION'~ (;RROR~ IN PR(;l7rtT/NG TH(;
PR(;~II7~NTIAL. (;L.(;tTION OUTtOM(; HAV(; B~~N L.(;~~ THAN 2%.

~
AI.TI-IOUGI-I Tl-lb

.. POl.l. I'S AN
UNBIA'Sbi7 ~AMPI.(;

OF POT(;NTIAI. VOTbR~,
TI-I(; VOTING BooTI-I
toUNT~ ONI.Y AtTUAI.
VOT(;R~.

TH~R~ I~ NO WAY FOR A
POL.L.~T~R TO G~ IN~II7~

A POT~NT/AL. VOT~R'~

H~17 ANI7 KNOW IF ~H~'~

GOING TO VOT~, IF ~H~'~

L.YING, OR IF ~H~'~ GOING
TO tHANG~ H~R MINI7
B~FOR~ ~L.~tTION I7AY.
L.ARG~ ~AMPL.~ ~Il~~

tAN NOT R~I7Ut~ TH~~~

KINI7~ OF ~RROR~.

WHAT HAPP~N~17 ,~ THAT POL.ITltIAN~ AR~ NOT ~L.~tT~17 BY POL.L.~!

$OM~ PROBL.~~ WITH POL.L.~, A$ OPP~~17 TO ~L.~tT/ON~:

fi;:; Rb'SPON'Sb 81M:
• VOTbR'S MAY I./b TO

Tl-lb /NTbRV/bWbR
OR tl-lANbb Tl-lb/R MINI7$
8bFORb bl.btT/ON DAY.

I L.ovE- BOTH MAJOR
PAI<T1E~ Al-lV Or-!l'( WI"'"
I COUI..l/ VOiE FoR BOTf.\
()(. TH~!



A£~EA
\ -01-

/

rosr AS e~FOR~, W~ I-IAV~

FOUND TI-IAT TH~ RANDOM
INT~RVAI.

x + 1.96SE(X)

J.I~ (AND W~) AR~ 9IJ% toNFIDGNT THAT THG M~N P IS WITHIN TH~ INT~RVAI.

;t ± 1.96 $~ (x) .

tOV~RS TI-I~ TRU~ M~N, u, W/TI-I
PROeAe/l..lTY .9t;... $0 NOW W~ tAN
tAl..l.. IN $1-I~Rl..OtK J.lOl..M~S TO
MAK~ A STATIST/tAl.. INF~R~Nt~

eA$~D ON A S/NGl..~ SAMPl..G OF
SllG n W/TJ.I M~N ;t.

AS BGFORG, FOR AN ARBITRARY
l..j;\I~l. OF toNF/DGNt~ 1-a,
W~ R~Pl..At~ 1.96 BY Z a'

T

rvals

X-p
.91$ ::= Pr(-1.96 ~ %: ~ 1.96)

vn

TJ.lG.J~RM 'Mn IS tAl..l..GD TH~ ~MtPLE ~TANf)ARf) ERROR, AND WR/TT~N
SE(X). W~ toNtl..UD~ THAT

.91$ = Pr(-1.96 ~ Z ~ 1.96)

X-p
- Pr(-1.96 ~ % ~ 1.96)

vn

UP TO NOW, W~'VG e~~N

l..OOKING AT tONFID~Nt~

INT~RVAl..S FOR A PROPOR­
TION P OF A POPUl..AT/ON.
~XAtTl..Y TJ.I~ SAM~

R~$ONING WORKS FOR
TH~ POPUlATION M~N u:

WJ.I~R~ AR~A Af.'-A
01../2. ~/1

- oS
\SE(X) ~ m I~-~

ZtJ./1.oS;
-Zo.!/'1- 0- -

129 12/1

AGAIN, NOT KNOWING a; W~ R~Pl..At~ (T

WITJ.I ~, TH~ SAMPl..G STANDARD Dj;\IIATION:

Confi ence I
for

IN nu; lAST tJ.lAPn;R (Po 10IJ), W~ SAW TJ.lAT TJ.I~ DISTR/eUTION OF SAMPl..~

M~NS X IS APPROX/MAT~l..Y NORIML, t~NT~R~D ON TJ.I~ AtTUAl.. POPUlATION
M~N p, W/TJ.I STANDARD Dj;\IIAT/ON ~, WJ.lGR~ (T IS TJ.I~ POPUlATION
STANDARD Dj;\IIAT/ON. $0, FOR l..ARG~ n,



STA~t>ARD N~MAI.

t.) L.AR(,GR ~MPt.E
/

1;, Mi'A/../..ER
/ ~AMPLe

TI-ll;; GI;;NI;;RAI.. 117~: GIVr;N n
Pll;;tl;~ OF I7ATA ;:tl' ;:tz• ... ;:tn>
yOU LJ~r; UP ONr; "17I;;GRr;r;
OF FRr;r;170M" WI-lr;N yOU
tOMPUTr; i . L.I;;AVING n-1
INl7l;;pr;NI7r;NT Pll;;tr;~ OF

INFORMATION.

o

L.~''S WOK AT t A L.ITTL.G MOR~ CL.O'S~L.Y. W~ M~NTIONGD TJ.lAT TI-I~ t
DI'STRIBUTION I'S MORG 'SPR~D OUT TI-IAN TI-IG NORMAL., AND TI-IAT TI-I~

AMOUNT OF 'SPR~D D~P~ND'S ON TI-IG 'SAMPL.~ 'SIZ~.

to: _X......-JA_
SEOe)

WI-IAT IT'S DI'SCOV~RGR

GO'S'S~ DID WM TO
QIJANTIFY TI-II'S
R~L.ATION'SJ.lIP. IF n I'S
TI-IG 'SAMPL.~ 'SIZ~, J.I~

'SAID, TI-I~N CAL.t. n-1
TI-IG NUMBGR OF

degrees of
freedom
OF TJ.lG 'SAMPt.G.

I-IM AN APPROXIMATGL.Y NORMAL.
DI'STRIBUTION ONL.Y WI-IGN IT 1'S
COMPUT~D U'SING A LARG& ~AMPL&.

FOR 'SMAL.L. 'SAMPL.~'S (n...'J, 10, 1.'J...),

TI-II'S I'S NO L.ONG~R TI-I~ CM~, AND
WG I-IAV~ TO U'S~ TI-I~ $TUD~NT''S t.

Siudenl's I (again!)
M W~ 'SAW IN CI-IAPT~R 6, TI-I~ 'STATI'STIC

X-)A.
'S~(X)

I-? 27;.7 Z 47S(;\.X ~ ~:::: •

ANI7 WI;; NOW I-IAVI; 9'J% CONFIDI;;NCI;;
TI-lAT TI-ll;; MI;AN WI;;IGI-lT OF AL.L.
PI;;NN ~TATI;; ~TLJI7I;;NT~ FAL.L.~ IN TI-ll;;
INTI;;RVAL.

%± 1.96S(;(X)
~ 14~.2. ± (1.96)(2.,41)

~ 1411~.Z + 411.9 POUND$

nIl;; ~AMPL.I;; MI;AN ~ WA~ 14'J.2
L.B~. ANI7 ~AMPL.I;; ~TANI7ARI7

Dt;VIATION ~ WA~ 2'3.7. so nIl;;
~TANDARD I;;RROR I~

p ~ p ± ,za 'S~(p)
T

WI-I~R~ 'S~(p) ~~fJ(~-P>

POPIJLATION PROPORTION, P

r~D

\

==~-.,

POPIJLATION M&AN,)A.

)A. ~ % ± ,za 'S~(,Z)
T

WI-I~R~ 'S~ (,Z) ~ '?4n

TO 'SUMMARIZ~: FOR A 'SIMPL.~ RANDOM 'SAMPL.~ ($R$) OF L.ARG~ 'SIZ~, TI-I~

(HX) ·100% CONFID~NC~ INT~RVAL. I'S:

TI-I~ 'SIZ~ OF WTI-I
INT~RVAL.'S I'S
CONTROL.L.~D BY
TI-I~ L.I;\I~L. OF
CONFID~NC~
(1-~) ·100% AND
TI-I~ 'SAMPL.~ 'SIZ~, n.

L.j;T'~ Rt;VI~IT TI-II;; ~TLJDI;;NT WI;IGI-IT DATA
FROM CI-IAPTI;;R 2, A~~LJMING TI-IAT TI-II;;
n ... n ~TLJDI;NT~ WI;RI;; A ~IMPL.I;;

RANDOM ~AMPL.I;; OF AL.L. PI;;NN ~TATI;;

~TLJDI;;NT~.



l-lOTe.~ '''-'$
EXACTLY LIkE
,.~~ CP6E OF

~ !..Al<be ~AMi'{"e.,

5U"- W\i~ -c
IN~"~'D OF z l

WG PGR/VG THG WIDTH OF OUR
tONFIPGNtG INTGRVAI.. PIRGtTl..Y
FROM THG PGFIN/TION OF t»

t ~ X-~
~G(X)

~tH tOWMN R(;PRGSGNT~A F/XGP 1..(;\1(;1.. OF tONF/PGNtG, WITH INtRGM/NG
NUMBGRS OF PGGRGG~ OF FRGGPOM. TH(; HIGHGR THG PGGRGG~ OF FRGGPOM,
Hlr; tl..~GR THr; tRITltAI.. VAWG Gj;T~ TO Z%' THG tRITltAl.. VAWG OF THG
NORMAl.. P/~TRIBUTION. 2

WHGRG $(;(X) : ~ ANP t!!. I~ THG
2

tR/TltAI.. VAWG OF THG t PI~TRIBUTION

WITH n-1 PGGRGG~ OF FRGGPOM.

THGN) FOR tONFIPGNt(; 1..(;\1(;1..

(1-0:)·100% )

(1-0:) ~ PY(X-ta: $G(X) ~ )A. ~ X+ta:$G(X))
T T

FROM WH/tH wr; INFGR: GIVGN A
SINGI..(; ~AMPI..G OF ~IZG n ANP
M~N X, WG tAN Br; (1-0:)·100%
tONF/PGNT THAT THG POPUI..ATION
M~N)A. FAI..I..~ IN THG RANGG

)A. ~ x±ta:~G(X)
T

1-0: .90 .90 .9?" .99
IE. ~TRltTI..Y ~P(;AK/NG,

• THG PGRIVAT/ON OF
0: .'2.0 .10 .O?" .01 THG t P/STR/BUT/ON PGPGNPGP ON
0:/'2. .10 .O?" .0'2.?" ooe THG M~UMPT/ON THAT THG SAMPI..G

6'3.66
WA~ FROM A NORMAl.. POPUI..ATION. IN

PGGRGr;~ OF 1 '3.09 6.'31 1'2..11 PRAtTltG, tONF/PGNtG INTGRVAI..~

FRGGPOM 10 1.'31 1.91 '2..'2.'3 4.14 BA~GP ON THG t WORK R(;A~NABI..Y
'30 1.'31 1.10 '2..04 '2..1?" WGI..I.., (;\IGN WHGN THG POPUI..AT/ON
100 1.'2.9 1.66 1.99 '2..6'3

DI~TR/BUTION I~ ONI..Y APPROXIMATGI..Y
e:::t:> 1.'2.9 1.6?" _1.96 '2..?"9 MOUND-SHAPGP.

"2- 1~3

KNOWING TH(; ~AMPI..(; ~'Z(; n, WG tH~G THG t P/STR/BUTION WITH n-1
PGGRGGS OF FRGGPOM.

A~ WITH THG Z

P/~TRIBUTION (I.G.,
THG ~TANPARP

NORMAI..), WG Gj;T A
9?"% tONFIPGNtG
I..(;\IGI.. BY FINPING
THG tR/TltAI.. VAWG
t.02? BGYONP
WHltH THG ARGA
UNPGR THG tURVG
I~ .0'2.?".

FOR A (1-aJ·100% tONF/PGNtG INTGRVAI.., WG F/NP THG tRITltAI.. VAWG i«
2

SUtH THAT Prci» t!!.) ~ ~. Hr;RG IS A SHORT TABI..G OF tRITltAI.. VAWG~
2

FOR THr; t P/~TR/BUTION:

GO$~j;T tOMPUT(;P TABI..(;~ OF
TH(; t P/~TR/BUTION FOR
P/FF(;R(;NT ~AMPI..(; ~IZ(;~-I.(;.,

P(;GR(;(;~ OF FR(;(;POM. W(;
R(;P~T, TH(; !MOHG PGGHGG~ OF
FHGGPO!M, TH(; tl..~(;R t
B(;tOM(;~ TO TH(; ~TANPARP

NOHIML.



TH~ COMPANY CAt-J ~ITH~R

g~ SATISFI~D WITH THAT,
OR DO FURTH~R T~STS...

~L\T \/M 0%
Co~f\'CEt'\T 11\AT
\T'LL CCbT

. ~XACT.l--'1 11'3 .00...

SO TH~ g~ST W~ CAN SAY WITH 9/j~ CONFID~NC~ IS THAT TH~ AV~RAG~

DAMAG~ WIll ll~ g~~~t-J $169 AND $912..

TO COMPUT~ THIS CONFID~t-Jt~ INT~RVAl USING STUD~NT'S i: W~ HAV~ MAD~
AN IJN~TAT&f) A~~IJ/IIPTION: W~ ASSUM~D THAT CRASH R~PAIR C~TS AR~

APPROXIMAT~lY NONIMLLY f)/~TNIBIJT&f), I.~., IF W~ CRASH(;D 1000

CHAM~l~ONS,TH~ HISTOGRAM OF R~PAIR ~TS WOUlD g~ SYMM~RICAl At-JD
MOUND-SHAP~D. W~ CAN NOT KNOW T#/~ FROM /j DATA POIt-JTS AWt-J~ ... gUT
MAyg~ Y~RS OF ~XP~RI~Nt~ WITH ~Rll~R MOD~lS PROVID~ t-JORMAllY
DISTRlgUT~D ~T HISTOGRAMS FOR FRONT ~ND R~PAIRS: INFORMATION WHICH
WOUlD T~ND TO SUPPORT OUR US~ OF STUD~NT'S t.

At-JD PWG IT It-J:

f4- :: ~ ± 2.78 'Y-./VL

':: 740~ 2.78 ("99/~)

~ 540 :I: "372

1-a- .60 .90 .9/j .99
a- .20 .10 .or; .01
a/z .10 .O/j .02/j .00; ~\t~

~.,:
D~GR~~S OF 1 3.09 6.31 12.11 63.66

.~
,-.

FR~(;DOM 2 1.69 2.92
A \

4.30 9.91- l' '3 1.64 2.* ~.16 /j.64 ' -, .-
4 1.'$3 2.13 2.19 4.60
/j 1.46 2.01 2.'i1 4.03

1M ,~;

example: $UPP~~ C#AM&L&O/liI/tOTON~HAS TO CRAS'" T~ST
ITS CARS TO D~~RMIN~ TH~ AV~RAG~ R~PAIR ~T OF A 10 M.P.H. H~D-ON
COllISION. THIS IS ~XP~NSIV~! nll;Y D(;tID~ TO TRY IT ON JUST FIV&
tHAM(;l~ONS.

TH(;Y FIND TH~ DAMAG~ DATA TO g~ $1/jO, $400, $720, $/j00, AND $930.

TH(; SAMPl(; M~N:

3t :::. $540

TH~ STANDARD D~IATION:

~ ~ $199

YOU CAN CH~CK S WITH A
HAND CAlCUlATOR. IT'S

~~~\t;O-740)~-r(4fOO-,tK>")'1. +(120 -9tOJ"l..+C'OO-?4Q)'1..+(9:.;o-C?"to)~

so WH~R~ CAN W~ PlAC(; TH~ M~N WITH 9/j~ COt-JFID~Nt(;? W~ FIND OUR
CRITICAl VAW(; t.02? WITH 4 D~GR~~S OF FR~~DOM:



131

.Chapter a.
T ESIS TESTI

u;;~~
'N~1'~oM ... A?P~R~NTt..y

\o\E M~i W\TI-t A~

AC.(Il/E~T ...

NOW W' 'NT'R A N~ AR'A... GOV'RNM'NT.
8U~IN'~~, AND TI-I' I-IARD AND ~FT ~tl'Nt'~ A~~

U~, AND OFT'N A8U$' TI-I'$' T'$T$ OF
~1~NIFltANt'. IT'$ A~~ ABOUT AN$W'RIN~ TI-I'
QU'$TION. "COIJl.P TJlG~G OB~GHVATlON~

.HEAl.l.Y JlAVG OCCIJHHGP BY CJlANCG?"

o

-"
\

IN A~~ tA~,~, TI-I' WII7TI-I OF TI-I' INT'RVA~ I~ TI-IAT tRITltA~ YAW' TIM'~
TI-I' ~TANDARD 'RROR:

AND ~I-I OF TI-I~' ~TANDARD 'RROR~ I~ PROPORTIONA~ TO TI-IAT M~lt

NUM8'R:

TO ~UM UP (I), W'
NOW I-IAV' TI-IR"
~IMP~' R'tIP'~FOR

FINDIN~ toNFID'Nt'
INT'RVA~~. FOR
PROPORTION~, OR
M~N~ WITI-I ~AR~'

~AMP~' ~IZ'~. W'
WOK UP Za IN A

T
NORMA~ TA8~'. FOR
M~N~ OF ~MA~~

~AMP~' ~IZ'~ (~AY

ncso), W' FIND t a
IN TI-I' t TA8~'. . T



IF I WAS IN TI-IAT
POKI;R bAMI;, I'D A
STARTI;I7 SHOOTIN'
AFTI;R THr; Sl;tOND

ROYAL. FL.USJ.I...

(AND ORDr;RS I-IIS OWN
RbMARKS STRltKI;N
FROM Tl-lr; Rl;tORDl)

$0 Tl-lr; JUDbl; RIiJIiCT~ TNIi
NYPOTNIi~/~ OF RANDOM SI;L.r;tTIOf\.!.

SINtr; Tl-lr; PROBABIL.ITY IS SO SMAL.L.,
Tl-lr; PARTltUL.AR PANr;L. WITI-I ONL.Y FOUR
BL.AtK M(;MBr;RS IS ~TRON6 IiVIPIiNCIi
AbAIf\.!ST Tl-lb NYPOTNIi~/~ OF RANDOM
Sr;L.l;tTION.

TI-IIS IS A
Dr;DUtTIVr;

PROBABIL.ITY
ARbUMr;NT.

FOR TI-II,; ~AKI,; OF ARGUMI,;NT,
~upposr; TJ.lAT TJ.lr; ~I,;U~tTION OF
POTr;NTIAL. JUROR~ WA~ RANf)O!ri.
T~I,;N T~(; NUMBI,;R OF AFRltAN
AMI,;RltAN~ ON T~I,; 90-PI,;R~ON

PANr;!.. WOUL.D Br; T~(; BINOMIAL
RANDOM VARIA8L.r; X WITJ.l
n =-90 TRIAL.~ AND P =- .s.

TO DRlvr; Tl-lr; POINT I-IOMr;, Tl-lr;
STATISTltlAN NoTr;s TI-IAT TI-IIS
PROBABIL.ITY IS L.r;ss TJ.lAN T",r; tl-lANtr;s
OF b(;ITINb .TNR&G CON~IiClJTIVIi

ROYAl.. FLlJ~NIi~ If\.! POKbR.

THUS, THr; tl-lANtbS OF b(;ITINb A JURY
WITH ONL.Y .. AFRltAN AMr;RltANS IS
Pr(x:s;.. ), WHltl-l WORKS OUT TO ABOUT
.0000000000000000014 (0,

50% OF I,;L.IGIB!..(; tITIlI,;N~

WI,;RI,; AFRltAN AMI,;RltAN.1)

COUL.D T~I~ B(; T~I,; RI,;~UL.T OF
PURG CIIANCG?

PAN(;I..~ OF JUROR~ AR(; T~(;OR(;TltAI..L.Y DRAWN AT RANDOM FROM A I..I~T OF
I,;I..IGIBI..(; tlTIlI,;N~. HOW(;VI,;R, IN ~OUT~I,;RN ~TATI,;~ IN noll,; ',o~ AND '60~, F(;W
AFRltAN AMI,;RltAN~ WI,;RI,; FOUND ON JURY PANI,;!,,~, ~O ~MI,; DI,;F(;NDANT~

t~A!..L.(;NGI,;D T~I,; V(;RDltT~. ON APP(;AL., AN I,;XP(;RT ~TATI~TltAL. WITNI,;~~ GAVI,;
TJ.lI~ (;VIDI,;Ntl,;:

W~ B~GIN WIT~ AN (;)(AMPI..(;
FROM T~(; I..AW: A tOMPOSIT(;
OF ~(;v(;RAI.. tA~(;~ ARGU(;D IN
T~~ ~OUT~ B(;TW(;(;N 1960
AND 1990, IN W~It~ ~XP(;RT

WITN(;~~(;~ PR(;~(;NT(;D T~(;

tA~(; FOR RACIAL BlA~ IN
JURY ~GLGCTION.

)

ON AN 90-P(;R~ON PANI,;!..
OF POT(;NTIAL. JUROR~, "
ONL.Y FoUR WI,;RI,; AA ~~
AFRICAN M\I;RICAN~. ~ 'l( ,~~?~

~~~S( ~ §



IN TI-II; I;XAMPI..G, nu; P-VAWI; WA$

Pr(X~4 I p -::";0 AND n-::90)

-:: 1.4 x 10-19

WI; tOMPurl;D TI-II$ P-VAWI; TI-IG
MODGRN WAY, U$ING A $TATI$TltAI..
$OFTWARI; PAtKAGr;.

IN TI-II; JURY tMI;, TI-II; $TATI$TltIAN
TOOK Gt TO 81; 3.6 x 10-19, TI-II;
tHANCI;$ OF 81;ING \7l;AL.T n-lRI;I;
ROYAl.. FW$I-Ir;$ IN A ROW.

-.......
nil; ~MAL.L.r;R

ntr; p-vAwr;,
nlr; ~TRONGr;R

TI-lr; r;vIDr;Nlr;
AGA'N~T 1-10 ,

TI-II;N W' I(ULE OUT TUE NULL
UYPOTUE~/~ Up AND AGRI;I; TI-IAT
$OMI;1"I-IING I;L.$I; 1$ GOING ON.

Step 3. P-VALUG:
A PR08ABII..ITY $TAT(;'MI;NT Wl-lltl-l
AN$W/;R$ TI-II; QUI;$TION: IF TI-II;
NUL.1.. I-IYPOTI-IG$I$ WGR/; TRUI;, TI-II;N
WI-IAT 1$ TI-II; PR08A811..ITY OF
08$I;RVING A TI;$T $TATI$T/t AT
1..l;A$T A$ /;XTR(;'MI; M TI-II; ONG WI;
08$I;RVI;D?

Step 4. COMPARI; TI-II;
P-VAWI; TO A FIX/;D ~/GNIFICANC{;

LliVEL. £:t.

Gt ACf$ A$ A zur-OFF POINT
81;I..OW WI-IICI-I WI; AGRI;I; TI-IAT AN
I;FFl;tT 1$ $TATI$TltAI..I..Y $IGNIFI­
CANT. TI-IAT 1$, IF

P-VAI..UG ~ Q.'

IN TI-II; tOURT tA~I;, Ho $AY$ TI-I/;
JURY WA$ I(ANPOMLY CUO~EN

FROM THI; WI-IOL.I; POPUL.ATION.
AFRltAN AM/;RltAN$ I-IAVI;
PROBABIL.ITY p:;. .so OF BI;ING
tI-lO$I;N..

Ha $AY$ TI-IAT AFRltAN AMI;RltAN$
ARI; L.G$$ L.IK';L.Y TI-IAN TI-l/;IR
PROPORTION IN TI-II; POPUL.ATION
TO BI; $l;l..l;tT/;D FOR A JURY
PANI;L.: p < .50.

IN TI-II; tOURr tA$I;, TI-II; TI;$T
$TATI$Tlt 1$ TH/; BINOMIAL. RANDOM
VARIA8L.1; X WITI-I p:::..so AND
n:::. eo.

1..1;1"'$ FOL.L.OW T~I; PROt~$$ AGAIN TO
$ORr our TI-II; FOUl( FOI(IML ~rEP~ OF
$TATI$TltAL. ~YPOTI-II;$I$ TI;$TING.

Step 1. FORMULATG ALL
#YPOT#G~G~.

Ho , TI-II; NULL UYPOTUE~/~. 1$
U$UAL.L.Y TI-IAT TI-I~

OB$I;RVATION$ AR~ TI-II; R/;$UL.T
PURI;L.Y· OF CUANCE.

Ha , TI-I/; ALTEHNATE UYPOTUE~/~.
1$ TI-IAT TI-II;RI; 1$ A Rl;AL.
I;FFl;tT, TI-IAT TI-II;
OB$I;RVATION$ ARI; TI-II;
RI;$UL.T OF TI-II$ Rl;A1.. I;FFl;tT,
PW$ tl-lANtl; VARIATION.

Step 2. TI-II; TG~T ~TATI~TIC.
IDI;NTIFY A $TATI$Tlt TI-IAT WIL.L. M$I;$$
TI-II; l;VIDI;Ntl; AGAIN$T TI-II; NUL.L.
I-IYPOTI-II;$I$.
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BAS{;17 ON TJ..II$
OB${;RVATION, wr; WANT
TO KNOW IF TJ..I{; TRU{;
POPUL.ATION PROBABIL.ITY 1$
(FOR IN$TANt(;) L.AR60{;R TI-IAN ?OM{; OTJ..I{;R VAW{; po. FOR {;XAIv\PL.{;,
${;NATOR A$TUT{;, J..IAVIN60 FOUND A POF .??, WOUL.D L.IK{; TO KNOW TJ..IAT
P > .Ii, A WINNIN60 MAJORITY.

AS U$UAL., W{; IMA60IN{; W{; I-IAV{; A 6160 POPUL.ATION•.. W(; OB${;RV{; A L.AR60{;
$AMPL.{;... AND W{; FIND TJ..IAT $OM(; tJ..lARAtT{;RI$Tlt Ot£:UR$ WITJ..I
PROBABIL.ITY P.

TJ..I{; JURY (;>\AMPL.{; WAS A $P{;tIAL. tAS{;
OF A 6o{;N{;RAL. PROBL.{;M. TJ..I(; NUL.L.
J..IYPOTJ..II,;$I$ J..IAD TJ..II,; FORM P ::;. po,
WJ..I{;R{; po WAS ?OM{; PROBABIL.ITY (IN
TI-II$ tAS{;, s : NOW L.r;T'$ L.OOK AT
$UtJ..l PROBL.{;M$ 6o{;N{;RAL.L.Y: L.r;T'$
Tt;~T TUt; UYPOTUt;~/~ p ::;. po.

E 5 LE
SIGNIFICANCE TEST FOR
PROPORTIONS

A ROYAL. fl..L\~I-\-­

AbAl~ ??

141

IN $tl{;NTIFlt WORK, A FIX{;D a-I..{;V{;1.. OF .07 OR .01 1$ OFT{;N U${;D. TJ..I{;${;
FIX{;D I..(;V{;I..$ AR(; A J..IOL.DOV{;R ARTIFAtT FROM TJ..I{; PR(;-tOMPUT(;R (;RA,
WJ..I{;N W(; J..IAD TO R{;F{;R TO TABI..{;$, WJ..Iltl-l W{;R(; PRINT{;D ONL.Y FOR
${;L.{;tT{;D tRITltAl.. VAW{;$. $TII..I.., MANY $tl(;NTIFlt JOURNAI..$ tONTINU{; TO
PU61..1$J..I R(;$UI..T$ ONI..Y WJ..I(;N TJ..I{; P-VAL.U{; ~ .O?

IN L.(;60AL. PROt{;{;DIN60$, TJ..I{;
$TANDARD 1$ MOR{; FL.(;XIBL.{;...



THI; ~I;NATOR THU~ RI;JI;Cf~

THI; NUll HYPOTHI;~I~, AND
HI; (AND HI~ BAtKI;R~) NOW
Fl;l;l tl;RTAIN HI;'~ IN THI;
lI;AD.
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Pre Z> zOB~) ::. .0006 < ~

T~I; tA~1; OF SI;NATOR MTUTI;:

1 ) T~I; ~YPOT~I;~I;~ ARI;

1-1 0 : p =.?

I-Ia : »>»

2) HI~ TI;~T ~TATI~Tlt I~

l - .,,-.,0 '216
OB~ - _ -.:: 71-

~(,?)(,')AJ1000

3) HI~ P-VAWI; I~

Pre Z > zOB~) ~ Prtz ~ 3.16) :::.0009

(FROM T~I; NORMAl TABll;).

4) .A~TUTI;, BI;ING FAIRlY tON~I;RVATIVI;,
TAKI;~ A ~IGNIFltANtl; ll;Vl;l tt OF .01
AND OB~I;RVI;~ THAT

Step 2. T~I; TI;~T ~TATI~Tlt I~

p-po

~.
o :ZO~

b) "ll;FT-~ANDI;D" I-Ia : p < po
U~I;~ P-VAWI; Prtz < Z:OB~)

Step 3.T~I; P-VAWI; DI;PI;N~
ON W~lt~ AlTI;RNATI; ~YPOT~I;~I~ I~

Rl;lI;VANT:

a) "RIG~T-~ANDI;D" I-Ia : p > po
U~I;~ P-VAWI; Pr(Z > Z:OB~ .

W~lt~ MI;A~URI;~ ~OW FAR P DI;VIATI;~

FROM po. UNDI;R T~I; NUll
~YPOT~I;~I~, ZOB~ ~M T~I; ~TANDARD

NORMAl DI~TRIBUTION.

"~
70 g? 0

c) "TWO-~IDI;D" I-Ia : p;t:.po
U~I;~ P-VAWI; Pr(lzl > IZ:OB~I)

OR

Step 1.
nil; NULL ~YPOT~I;~I~ I~

1-10 : p ::. po

T~I; ALTERNATE ~YPOT~I;~I~ DI;PI;ND~

ON T~I; DIRI;CfION OF T~I; I;FFI;Cf
WI; ARI; LOOKING FOR. IN SI;NATOR
MTUTI;'~ tA~l;,

I-Ia : r> po

BUT IN .OT~I;R tA~I;~, T~I; AlTI;RNATI;
~YPOT~I;~I~ MIG~T wsu BI;

I-Ia : p < po

FOR I;XAMPll;, IN T~I; JURY ~I;ll;t­

TION I;XAMPll;, T~I; AlTI;RNATIVI;
~YPOT~I;~I~ WA~

I-Ia : p < O.?

AND AT OT~I;R TIMI;~, WI; ARI;
INTI;RI;~TI;D IN KNOWING T~AT P I~

DIFFI;RI;NT FROM ~MI; VAWI; Po­
FOR IN~TANtl;, IN TI;~TING FOR A
FAIR tOIN, WI; ~AVI; AN AlTI;RNATI;
~YPOT~I;~I~ OF

I-Ia : p;t:. O.?

BUT ~AVI; NO A PRIORI OPINION
AWUT W~I;T~I;R ~I;A~ OR TAll~

WIll tOMI; UP MORI; OFTI;N.



JUST TJ.lGN, A 80XtAR
L.OADGD WITH 10,000

BOXGS OF GRANOLA
ARRIVG$ AT TJ.lG DOOR.

\ REM'MQc~ ThE:'
NUMSE'R ? .. Y=A/-I ...

_ X-Po--_.....
Un

SKIPPING OVGR ST(;P 3 FOR A MOMGNT, THGY Sj;T A SIGNIFICANtG I..GYGL.. BGING A
BUNtH OF DROPPGD-OUT Stl(;NtG MAJORS, THG GRotGRS THINK a<o« SOUNDS
ABOUT RIGHT.

NGXT, THGY tHOO$(; A TG$T STATISTlt. BY NOW, IT SHOUL.D 8G PRGTTY MUtH A
KN(;t;-JGRK RGAtTION TO KNOW THAT TI-IG SAMPL.G SPRGAD FROM TJ.lG MGAN IS

147

FIRST, TI-IGY tJ.lOO$G TJ.lGIR
HYPorHGSG$.

Ho: )A- ~ 16 OZ.

Ha : P < 16 OZ.

R~J~C1IM& II-l~ t{lIl..1..
l1'fP01H~"I~ N1~AN.?
RGrU-7If.,\b THe: GRANO~A .

WJ.lGRG ~ IS THG SAMPI..G
STANDARD DGYIATION. UNDGR
THG NUL.L. J.lYPOTJ.lGSIS, THIS
APPROXIMAT(;S TJ.lG
STANDARD NORMAL. WJ.lGN
THG SAMPI..G IS L.ARGG, 8Y
THG t(;NTRAL. L.IMIT
THGORGM.

LE

NEW ME 6RANOLA INt. tL.AIMS TJ.lAT
TJ.lG AVGRAGG WGIGJ.lT OF ITS tGRGAL.
BOXGS IS AT L.GAST 1~ OZ. THG 6ENIJINE
GROCERY CORPORATION WIL.L. S(;ND 8AtK
A S!-lIPMGNT IF THG AVGRAGG WGIGJ.lT IS
ANY L.GSS.
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E
TEST FOR THE E
POPULATION

I-I(;R(; 1$ J.lOW A $IGNIFICANt(; T(;$T
MIGJ.lT 8(; US(;D IN IN~PECTION

~AlAPLlN6, AN IMPORTANT INDUSTRIAL.
APPL.llATION.

BUT OF tOURSG 6GNUING GROtGRY J.lAS
NO INTENTION OF WGIGHING GYGRY BOX
IN A SI-IIPMGNT. TH(;Y'R(; GOING TO US(;
STATISTltS!



AND WG WANT OlJR OB$/;RV~D

t VAW(; TO 1../(; TO TI-I~ \..(;FT
OF - t.o? (B~tAlJ$(; !..OW ;t 1$

DG$IRAB\..~. ;t-po $HOlJL.D B(;
N~GATIV~, TO $lJPPORT !-fa).

WI-IGR/; Po 1$ TI-I/;
I-lYPOTH/;TltAL. MGAN
OF $1000

MGAN zosr 1$ TOO I-IIGI-I

MGAN zosr 1$ O.K.

o

Ho: P ~ '$1000

Ha : P < '$1000

WG RGTlJRN TO lHAM/;L./;ON MOTOR$, AND IT? 10 M.P.I-!. tRA?1-i TG$T. TI-!G
HIGUTGOlJ~ 1p.J~lJHAp.JCG CO/llPAAlY WIL.L. IN$lJR/; AN AUTO ON\..Y IF TI-!/; MGAN
RGPAIR zosr AFTGR A 10 M.P.I-I. COU.I$ION 1$ L.G$$ TI-iAN $1000. TI-i~ tOMPANY
lJ$G$ A $TANDARD a- ~ .Ot; A? IT$ $/GNIFltANtG \..GVGL.. $0...

%~ 1?'.90 Oz.

~ ~ .3?' Oz.

n-l/;Y PWG TH/; VAW~$ INTO TH~ T/;$T $TATI$Tlt TO FIND

loB? ~ 1;.9-16 ~ -2
.3;/~

NOW TH/;Y tOMPlJT/; TH/; P-VAWG:

Pre: < -2 IHo) ~ • 0221

~.....
-2. -z.o,:> 0

THI$ B/;ING \..G$$ THAN THG .0;
$IGNIFltANt/; \..GV~L., Gr;;NlJIN/; GROtGRY
HGJGCT~ THG NlJ\..\.. HYPOTHG$I$, AND
TH~ $HIPMGNT.

nl{;t PlJL.L. OUT A
$IMP\..~ RANDOM
$AMP\..~ OF 49 8OX~$,

W/;I6-1-i WI-i ON/;, AND
D/;T/;RMIN/; TI-i/;
$AMPL./;'$ $lJMMARY
$TATI$Tlt$:

A L.ITTL./; L.16-I-iT-BUT
$IGNIFltANT\..Y?O?



$IMIL.ARL.Y, R(;DUtING TH(; tHANt(;$ OF TYP(; II (;RROR, FOR (;XAMPL.(; SY MAKING
TH(; AL.ARM HYP(;R$(;N$ITIV(;, tAN INtR(;A$(; TH(; NUMS(;R OF FAL.$(; AL.ARM$.

1,1

THI$ 1$ WHAT 1$ CAI..I..(;D A TYPG I GJ?I/ON: AN AI..ARM WITHOUT A FIR(;.
CONV(;R$(;I..Y, A TYPIi tt liJ?J?OI/ I'S A FIR(; WITHOUT AN AI..ARM. EV(;RY tOOK
KNOW$ HOW TO AVOID A TYP(; I (;RROR: JU'ST J?Gfi40VIi TJ.l1i eATTliJ?IG~.

UNFORTUNAT(;L.Y, THI$ INtR(;A$(;$ TH(; INtID(;Nt(; OF TYP(; II (;RROR'S!

W(; tAN THINK OF HYPOTH(;'SI'S T(;'STING AND
$IGNIFICANt(; T(;$T$ IN T(;RM'S OF A J.lOf)~GJ.lOLf)

~fi40KIi-f)fiTliCTOJ? IF yOU HAV(; ON(; OF TH(;'S(;
WH(;R(; yOU I..IV(;, YOUV(; PROSASI..Y NOTlt(;D HOW IT
T(;NI7? TO GO OFF I;V(;RY TIM(; yOU MAK(; TH(; TOA'ST
TOO DARK!

~ - '3.44 < - t.O?

FROM CHAPT(;R 9, W(; HAV(;
Ji :. $540 AND $ :. $299
FOR A $MAI..I.., FIV(;-tAR
$AMPI..(;, $0 W(; FIND

t 540-1000
OB? :.

299/{f

FROM Tl-I(; TASI..(; OF tRITltAI..
t VAW(;$, W(; $(;(; THAT
t.o? :. 2.1'3, $0 W(; 17(;tl17(; TO
R~(;tT Ho IF

tos'S ~ -t.o? ~ -2..1'3

150

a-
.o? .02? .oos

u, 1 6.31 12.71 6'3.66
0:£

2 2.92 4.'30 9.92~g
UlUl '3 2.'3? 3.19 ?94UlUl
Cs:.Cs:. 4 2..1'3 2.79 4.60~u.
c. ? 2.01 2.?7 4.03

THI$ 1$ AN (;XAMPI..(; OF ACCGPTANCG ~MiPLlNG. TH(; NUI..I.. HYPOTH(;$I$ 1$
THAT R(;PAIR tO$T$ AR(; UNAU(;PTMI..(;, AND TH(; MOTOR tOMPANY 1$
A$$UM(;D GUII..TY UNTIl.. IT PR(;$(;NH $UFFltl(;NT (;VID(;Nt(; OF IT$
INNOt(;Nt(;-I.(;., THAT IT$ PRODUtT I'S WITHIN 'SP(;tIFltATION$.

Tl-I(; tAR PA$$(;$ TH(; T(;$T... Ho 1$ R(;J(;tT(;D... AND TH(; IN$URANt(; POl..ltY 1$
I$$U(;D.



$0 A POllUT~R, SUSp~aIN6- THAT H(; WAS IN VIOlATION OF EPA ~TANI7ARI7S,

WOUll7 17~IS~ AN IN~FF~tiIV~ POllUTION MONITORIN6- PR06-RAM.

IN TH~ PAST, FAtiORI~S I7IStHAR6-IN6- tH~ItAlS INTO WAT~RWAYS W~R~

R~QUIR~17 TO SHOW THAT TH~ I7IStHAR6-(; HAI7 NO ~FF~ti ON TH~ 170WN­
STR~ Wlll7lIF~. THAT'S Ho. TH~ POllUT~R WUll7 tONTINU(; AS !..ON6- AS
TH~ NUlL. HYPOTH~SIS WAS NOT R~J~ti~17 AT TH~ .0, SI6-NIFltANt~ l~~L..

BUT SOM~IM~S WHAT W~ R~llY WANT TO KNOW IS TH~ tHANt(; OF MAKIN6­
A TYP& " ~RRORf IN OTH(;R WORI7S, HOW S(;NSITIV~ IS OUR "AlARM SY~T~"

WH~N TH~ AL.T~RNAT~ HYPOTH~SIS IS TRIJ&?

NO ~RROR

iYP~ n

iYP~ n

NO ~RROR

iYP(; I

NO ~RROR

iYP~ I

NO FIR(; FIR(;

TRU~ STAT~

Ho Ha

NO AlARM

AlARM

All TH~ SI6-NIFltANt~ T~STS W~ DID ~RlI~R IN THIS tHAPT~R ~PHMIZ~D
TH~ PROgAgllliY OF tOMMITTIN6- A iYP~ I ~RROR-I.~., TH~ PROgAgll..liY OF
OUR OgS~RVATION~ OaURRIN6- IF 1-10 WAS TRU~. W~ D~ND~D THAT

Pr(R~(;tilN6- Ho IHo ) -::. Pr(TYP' I 'RROR I Ho ) ::: Q

NOW THINK OF TH~ NUll HYPOTH~~I~ A~ TH~ WNDITION OF NO FIR&, WHll~
TH(; AlT~RNAT~ HYPOTH(;~IS IS THAT A FIR~ IS gURNIN6-. TH~ AlARM
tORR~SPON17S TO R(;J~tiION OF TH~ NUll HYPOTH~SIS:

1-a M~SUR~S OUR tONFII7~Nt~ THAT ANY AlARM g~llS W~ H~R AR(;
6-~NUIN~. 1-116-H tONFII7~Nt~ M~NS RAR~lY SmIN6- OFF FAlS~ AlARM~.

W~ tAN ~UMMARIZ~ nH~ IN A TWO-gy-TWO ()&C/~/ON TABL&.



...
o· •

0°

'SAvr; r;vr;RY 60UPPY

6001.Dr;N AlGAN

DON'T ROlK BOAT

--_••••.........~.~.~~..
~.."

11
11

11
11
I

0
0

I 0
I 0
I 0
&

0
0

I 0
I 0
I 0
I 0
I 0
I 0

0

I 0
I 0
I 0
I 0
I 0 0

I 0

R~l.l.Y CRI$P BURNING MOl.OTOV COCKTAIl.

KlTtl-lr;N ~MOKr; 17r;N~'TY

RAW

oL-.oIIIoIIds.lllai!ldl~~,..- ......,.... _
pr;RAlI'S'SIBl.G Allovr; 'STANDARD PURr; INDUSTRIAl. 'SOl.Vr;NT

POL.L.UTANT tONCr;NTRATION

oL,.",.,--~=-------------

HI;;RI;; ARI;; THI;; POWI;;R tURV(;S FOR THRI;;(; MONITORING PROGRAMS. THI;; ~AVE

EVERY LA~T /WPfY (tOSTS $&; MIL.L.ION), TI-I(; ~LfJEN /ltEAN (WSTS
$&;00,000), AND fJON'T ROCK TUE 80AT (AL.SO WSTS $&;00,000, BUT TH~ PUT
ON A GOOD SHOW!). nil;; I-IIGI-I(;R THI;; TI;;ST'S POWI;;R, TH(; STI;;I;;PI;;R THI;; tURVI;;.

FOR THI;; E.P.A. WATI;;R QUAL./TY (;XAMPL.I;;, THI;; HORIZONTAL. AXIS IS TH(; TRU(;
tONtl;;NTRAT/ON OF POL.L.UTANT IN THI;; WATI;;R.

ONI;; WAY TO VISUAL.IZI;; THI;; I;;FFl;;a OF A TI;;ST'S POWI;;R IS BY GRAPHING TI-II;;
PR08A8/L./TY OF R~l;;alNG 1-10 AGAINST T"'I;; AtTUAL. STATI;; OF THI;; SYST~. IN
THI;; tAS(; OF A SMOKI;; AL.ARM, THI;; PROBA81L./TY tL./MBS TOWARD 1 AS THI;;
SMOKI;; GITS TH/tKI;;R.INlhiE THIS DOW N:

"THE CUe\( RESi'oNOeD
EI{THU~I~STlCML.Y. "

THI;; POWGR OF A TI;;ST
IS DI;;F/NI;;D AS 1-13. If'S

Pr (R~l;;alNG Ho IHa ).

15'4

YOU'L.L. BI;; HAPPY TO KNOW THI;;
I;;NV/RONMI;;NTAL. RI;;GUL.ATORS I-IAV(;
MOVI;;D IN nil;; D/Rl;;alON OF RI;;QU/R/NG
POL.L.UTION MONITORING PROGRAMS TO
SI-IOW THAT TI-I~ I-IAVI;; A 1-1/601-1

PR08A8/L./TY OF DIT(;alNG S(;R/OUS
POL.L.UTION ~I;;NTS. nil;; RI;;QU/RI;;D
POWER ANALY~/~ OFTI;;N R~(;AL.S

I-I/DDI;;N FL.AWS IN THI;; MONITORING ~1
PROGRAM. ~e;...,,,v·1

L.IT'S FORMAL./ZI;; THIS
IDI;;A. TO DI;;StR/BI;; THI;;
PR08ABIL./TY OF A TYPE
II ERROR, WI;; 8R~K OUT
ANOTHI;;R GRI;;I;;K L.mI;;R:
8ITA, OR 13.

P .. Pr(AUI;;PT/NG Ho IHaJ
.. Pr(TYPf; II f;RROR IHa )

THI;; POL.WTI;;R IS DI;;L.IGHTI;;D, SINtl;;, I../KI;; OUR SMOKI;; AL.ARM WITHOUT A
BATTI;;RY, HIS TI;;ST HAS L.ITTL.I;; OR NO tHANtl;; OF Sm/NG OFF AN AL.ARM.
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.Chapter 9.

I

It-l WHltl-l wr; 1.r;ARt-l ~OMr; NbW Rr;tIPr;~ U~It-lG
01.17 It-lGRr;D/r;NT~ ...

~- ------..
CONGRATULATION~! WITH THr;~r;

~r;tT/Ot-l~ tOvr;R/t-lG THr; 8A$lt~ OF
tOt-lFIDr;t-ltr; It-lTr;RVAI.~ At-lD

HYPOTHr;~I~ Tr;~TIt-lG, yOU HAVr; JU~T
tOMPI.r;rr;D YOUR FIR~T tOUR~r; It-l

tl.A$~ltAl. ~TATI~Tlt~!

WHY THr;t-l DO YOU HAVr; ~UtH At-l &MPTY F&&L1NG It-l YOUR ~TOMAtH?

Br;tAU~r;, TO u~r; THr;~r; IDr;A~ It-l At-lY PRAtTltAI. WAY, wr; HAVr; TO 8r; A81.r;
TO APPI.Y THr;M TO A VAR/m OF ~/TUATIOt-l~ wr; HAVr;t-l'T r;vr;N ToUtHr;D Ot-l
yr;r. THAT I~ WHr;Rr; wr; ARr; W/t-lG t-lr;XT, WITH THr; COMPAR/~ON OF TWO
POPULATION~.



ANI7, AT TI-II; I;NI7 OF TI-II; tl-lAPTI;R,
WI;'1.1. 1.00K AT A I7IFFI;RI;NT WAY TO
tOMPARI; TWO Mt;AN? TI-IAT 1701;~N'T

INVOI.VI; TAK/Nb TWO ~IMPI.I;

RAN170M ?AMPI.I;L

~"1"~. ,-- _

1701;? TAKINb MPIRIN Rl;bUI.ARI.Y
RI;17Utl; Tl-lt; RI?K OF I-II;ART ATTAtK?___ C?

"

170 MI;N ANI7 WOMI;N IN TI-II; ?AMI;
oaUPATION I-IAVI; I7IFFI;RI;NT ?AI.AR/I;??

191

DOI;~ A PARTltUI.AR PI;?Tltll7l;
INtRt;A?1; TI-II; YII;I.I7 OF toRN PI;R
AtRt;?

TI-II; tOMMON INbRI;17/1;NT IN TI-II;?I;
QUI;?TION? I~ TI-I/?: TI-II;Y tAN BI;
AN?WI;RI;I7 BY Co/riPAHINI$ TWO
INfJ/iP/iNfJ!iNT HANfJO/ri <;A/riP/./i<;,
ONI; FROM I;Atl-l OF TWO
POPUI.ATION~.

IN TI-I/? tI-lAPTI;R, WI;'1.1. U?I; OUR MI;AT
ANI7 POTATOI;? Mr;TI-IOi7? /N ?OMI; NI;W
Rl;t/PI;? TI-IAT WII.I. I-II;I.P U? AN?WI;R
TI-II; FOI.1.0W/Nb QUI;?TION?:

~

\ \

nil; I..A$T TWO t~APT~R$ ~XPI..A/N~D

tONFID~Nt~ INT~RVAI..$ AND
~YPOT~~$I$ T~$TING WIT~ T~~

~TGAK AN/) POTATOG~ OF RANDOM
MOD~I..$: T~~ NORMAL AND T~~

IJ/NO/t4/AL DI$TRI8UTION$.

BUT W~AT MAK~$ $TAT/$Tlt$ AI..MO$T A$ t~AI..I..~NGING A$ lOOKING 1$ T~~
VAR/m. L.IK~ AN ~XP~RT tOOK. T~~ $TAT/$Tlt/AN tAN UTA$T~" T~~
INGR~DI~NT$ IN A PR081..~ AND T~~N FIND nl~ MO$T ~FFbtT/Vb WAY TO
tOM8/N~ T~~ INTO A $TATI$TltAI.. R~tIP~.

(T~~ R~$ON tooK8ooK$ AND $TAT/$TltAL. Mrr~OI7$ T~XT$ AR~ $0 ~~VY 1$
T~AT T~~ 8OT~ PROV/D~ $OWTION$ IN A GR~T VAR/m OF $/TUATION$!)



bU.-..
ArrACK No ArrACK n ArrACK RATr;

pL..Atr;w 2~ 10,797 11,034 ...... :2.39p, =- ._- =- .0111
11,034

A$PIRIN 1~ 10,999 l1,O~7 P =-~= .01Uz 11,037

fl-lr; OS$r;RVr;D DIFFr;Rr;Ntr;
IN $uur;$$ RAfr; 1$
p,- fJz =- .0091. IT $OUNt7S
$MAL..L.. UNflL.. YOU L..OOK Af
fl-lr; Rr;L..AflVr; RI$K,

......
~ ::. .0217 ::. 1.1Z-
P« .0126

Mr;MSr;R$ OF fl-lr; pL..Atr;w
tSoROUP wr;Rr; 1.72 flMr;$
L..IKr;L..lr;R ro $UFFr;R A 1-Ir;ART
ArrACK fl-lAN fl-lO$r; IN fl-lr;
A$PIRIN tSoROUP.

ovr;R A pr;RIOP AVr;RAtSoINtSo
Nr;ARL..Y Flvr; Yr;AR$*, fl-lr;
INVr;$fltSoAfOR$ Rr;tORDr;p
fl-lr; Rr;$PON$r;$: l-Ir;ART
ArrACK OR NO l-Ir;ART ArrACK.
fl-lr; Rr;$UL..T: (IN fl-lr;
NUMSr;R$ fl-lAf FOL..L..OW, wr;
I-lAVr; tOMsINr;D FAfAL.. AND
NONFAfAL.. 1-lr;ART ArrAtK$.)

*Tl-lr; ~TUPY WM ~Toppr;D r;ARL.Y 8r;tAU~r; OF IT~ p~ITlvr; OUTtoMr;. IT WOUL.D
I-IAVr; 8(;(;N UNWI~(; AND IMPRAtTltAL. TO D(;NY Tl-lr; Rr;~UL.T~ TO Tl-lr; l?ROUP
TAKINl? Tl-lr; pL.Atr;80.

GROUP TWO Rr;tr;IVr;D ONr;
A~PIRIN A DAY.

GROUP ONr; TOOK A PJ.ACEfJO-A
PIL.L. IDr;NTltAL. TO MPIRIN, BUT

tONTAININl? NO MPIRIN.

fl-lr; $IMPL..r;, sur r;Xpr;N$IVr;, $OWfiON 1$ ro rssr A L..ARtSor; NUMsr;R OF
INDIVIDUAL..$ IN A $l-IORT fIMr;. IN fl-ll$ $fUDY, 22,071 $usJr;tr$ (AL..L..
VOWNfr;r;R DOtrOR$) wr;Rr; RANDOML..Y A$$ltSoNr;D ro TWO GROIJP~.

Comparing S CCESS ES
(or fanure rates) for two populations.

wr; sr;tSolN Wlfl-l AN r;xpr;RIMr;Nf, PART OF A HARVARD $fUDY, fl-lAf $OUtSol-lf ro
Dr;tlDr; fl-lr; r;FFr;trlvr;Nr;$$ OF A~PIRIN IN Rr;DUtINtSo l-Ir;ARr ArrACK$. A$ IN
MO$f tL..INltAL.. fRIAL..$, fl-lr; tl-lANtr;$ fl-lAf ANY ONr; INDIVIDUAL.. tSor;f$ fl-lr;
DI$r;A$r;-IN fl-ll$ tA$r;, A l-Ir;ART ArrACK-I$ Vr;RY $MAL..L.. IN ANY tSoIVr;N Yr;AR.
Bur wr; WANf AN$Wr;R$ QUltKL..Y! Wl-IAf DO wr; DO?



,...--

I R~COMM~~~
Al-l A?PIRlN TO
6~1' "n"Rou~

TJ.lI~, ..---'

$INtG Tj.4G TWO '$AMP~G'$ ARG INDGPGNDGNT, '$0 ARG Tj.4G RANDOM VARIAg~G'$

F; AND Pz , AND Tj.4G TWO VARIANtG'$ ADD.

(j'4(~ _P2.):= cr2(?1)+ cr2(P~J

-?o l-~-----
cr(~ -f';.) ~ ~~~PI)+cr~(P~)

BUT j.40W 170 WGFIND
THAT '$TANDARD DGVIATION
IN Tj.4G DGNOMINATOR?

A A

Sampling distribution for P I - P2
FOR URGG '$AMP~G'$, F; - r.
1'$ APPROXIMATG~Y

NORMA~~Y DI'$TRIgUTGD,
MUtH A'$ IN THG tA'$G OF
ON~Y ONG '$AMP~G. WG tAN
MAKG THG U'$UA~ z­
TRAN'$FORM TO Gr;r A
'$TANDARD NORMA~ RANDOM
VARIAg~G (APPROXIMATG~Y)

P1- PZ- (Pl- PZ)

O'"(F;- Pz)

AND NOW, KNOWING
Tj.4G DI'$TRlgUTION
OF Tj.4G TG'$T
'$TATI'$Tlt'$, WG tAN
PROtGGD TO
G'$TIMATG
CONFIP&NC&
INT&RVAL~ AND
T&~T TUE
UYPOTUE~/~ Tj.4AT
MPIRIN RGDUtG'$
j.4GART ATTAtK'$.

NUM~I;;R OF ?UUI;;??I;;?
IN POPUI.ATION TWO

PROPORTION OF
?UUI;;??I;;? IN
POPUI.ATION TWO

A?P/R/N
POPUI.ATION TWO

tHANtl;; OF ?UUI;;?? '" Pz

1&1

NUM~I;;R OF ?UUI;;??I;;?
IN POPUI.ATION ONI;;

PROPORTION OF
?UUI;;??I;;? IN
POPUI.ATION ONI;;

Pl.AtI;;~O

POPUI.ATION ONI;;

tHANtl;; OF ?UUI;;?? '" P1

AND NOW, ~IKG A gROKGN
RGtORD, WG MK OUR'$G~VG'$,

HOW 1'$ F; - r. DI'$TRlgUTGD?

"..... ".....

AND AN G'$TIMATOR OF DIFFGRGNtG IN RATG: P1- P2.

FOR GAtH POPU~ATION (AtTUA~~Y ~ARGG '$AMP~G'$ OF THG GGNGRA~ POPU­
~ATION), WG HAVG THG FAMI~IAR RANDOM VARIAg~G'$:

The Model: nu; PWG80 AND MPIRIN GROUP Og'$GRVATION'$

ARG INDGPGNDGNT '$AMP~G'$ FROM TWO gINOMIA~ POPU~ATION'$. FOR
toN'$I'$TGNtY, WG RGFGR TO A HGART ATTAtK A'$ A ~UCCG~~ 0).



A. '319
p:;. 11,011

SEO(P,-PZ) "" .00177

AND wr; tAN WRlir; A rssr
SiAilSilt:

(il-lr; NUMr;RAiOR WOUL.D
ORDINARIL.Y S(; P,-PZ- (P,-P2),
BUT 1-10 MSUMr;S P1-PZ "" 0.)

FOR iJ.lr; ASPIRIN SiUDY, W(; FIND

WI-lr;N iH(; NUL.L. J.lYPOiI-l(;SIS IS
iRU(;, iH(; SiANDARD (;RROR
D(;P(;NDS ONL.Y ON iHIS POOL.(;D
(;SiIMAi(;:

SEO(P,-PZ) "" f(t ..P)(~tk.)

•esss

IF A~PIRIN I-IAD
NO 'FF'tT, WI-IAT

I~ TI-I' PROBABIlITY
TI-IAT TI-II~ .R'~UlT

oaURR'D BY
tI-lANt'?

of
leslin
il-l(; FORMAL. J.lYPOiJ.l(;SIS-ir;SiIN6­
QUr;SiION IS

Mo ' iJ.l(; NUL.L. HYPOiH(;SIS, IS iHAi
ASPIRIN !-lAD NO (;FF(;t!: P,:;'Pz'
Ma , iH(; AL.i(;RNAiIV(;, IS iHAi
MPIRIN DO(;S R(;DUtr; iHr; J.l(;ART
AITAtK RAi(;: P1 > pz .

NOW wr;; Nr;(;D A rrsr SiAilSilt wrru
A NORMAL. DISiRISUTION WHr;N 1-10 IS
iRU(;...

ED@ e

NOi(; TI-IAi UND(;R 1-10 , nlr; TWO
PROPORTIONS AR(; il-l(; SAMr;,
P1:;' pz:::' p... $0 L.(;I'S POOL. AL.L. il-l(;
DAiA ro 6-(;1 il-l(; PROPORTION OF
H(;ART AITAtKS IN flOTU ~AMPLG~

TOGGTUGR:

p:;. %1 + %2

n1 + n2

P
1

- Pz "" .0091±(1.96)(.00177)

:;..0091 + .0034

• co

W(; AR(; ta L.(;ASi 97%
tONFID(;Ni il-lAi il-l(;
DIFFr;Rr;Ntr; IN I-Ir;ART AITAtK
RAi(;S IS Br;-rw(;(;N .0071 AND
.0127. D(;FINlir;L.Y A POSli/vr;
NUMB(;Rl wr; AR(; NOW Ai
L.(;ASi 97% tONFID(;Ni il-lAi
MPIRIN R(;AL.L.Y Dor;s L.OWr;R
I-I(;ART AITAtK RAir;s.

ro 6-(;1 il-l(; 97% tONFID(;Nt(;
INi(;RVAL. FOR il-l(; ASPIRIN
SiUDY, W(; JUSi PW6- IN il-l(;
OBS(;RV(;D VAW(;S:

pll-~ )+p,.(I-P2-)
n, Yl 1

IN il-l(; MPIRIN SiUDY, il-l(; SiANDARD
(;RROR IS

(.O').li)(.97B'Jp/ + (.ol2.b)( .ge74-)
11,034 11) 07;7

::. .00175

onfi ence
I lervals for

M USUAL., nil; tONFID(;Nt(; INi(;RVAL.S
FOR OUR (;SiIMAi(; L.OOI<' L.II<'(; il-llS:

P,-PZ :::. Pl-PZ + Zf!- f;,rC.(Pl-PZ)
2

TRUI; i '\ \ '\
t7/FFI;RI;NCI; Og~I;RVI;t7 ~TANt7ARt7

OF POPULATION t7IFFI;RI;NCI; I;RROR
PROPORTION~ CRITICAL.

VAWI;

il-l(; VARIANt(;S OF P, AND Pz ADD, SO
il-l(; SiANDARD (;RROR B(;tOM(;S



TI-l' 'XP'R/M'NT WAS SUN/):
SUBJ'£:TS DIDN'T KNOW IF
TI-l'Y W'R(; TAKING ASPIRIN
OR PL.A£:'BO.

POINTS 1 ANI7 1.. ARI;; I;;SSI;;NTIAI..
PARTS OF MO$T HUMAN CI../N/CAI..
TRIAl.. I7(;SIGNS, BUT POINT '3 IS
NOT I;;SSGNTIAI- GOOI7 SMAI..I..­
'SAMPI..I;; TI;;STS 170 GXIST ANI7
ARI;; AVA/l.ABl..1;; IN COMPUTGR
?OFTWARI;; PAtKAGI;;'S. THI;;SI;;
NONPARAMEiRIC PROCGI7URGS
I7I;;PI;;NI7 ON 'SIMPI..G, BUT
I..I;;NGTHY, PROBA8/1..ITY
tAl..CUI.AT/ONS SIM/l.AR TO THI;;
GAMBI../NG COMPUTATIONS WG
GNCOUNTGRI;;I7 IN CHAPTI;;R 4...

161

TI-l' SAMPI..' S/Z' WAS I..ARG'
,NOUGI-l FOR TI-l' NORMAl..
APPROXIMATION TO WORK.

SUBJ'crS W'R' RANDOMI..Y
ASS/GN'D TO TR~TM'NT

GROUPS.

W/I... '!'Ie t>.Lt?O
ASSUMeo 'nl~" t>oCTO("tS
~RE R~P~~~~AT~-nV&

OrTHe: ~~R"" L
"f'O?Ut.~T/Ot..l" .

nu; ANAI..YSIS OF THr; MPIRIN STU\7Y I7(;PI;;NI7GI7 ON CI;;RTAIN Fr;ATURGS OF THG
I;;XPGRIMI;;NT I7I;;'S/GNGI7 TO I;;N'SURI;; RAN170MNI;;SS ANI7 TO GI..IMINATG 131M:

P-VAI..UI;; : Pre l < lOBsJ

p-VAwr; : Pr(lll > IloBsl)

8) RIGHT I-Ia : P >P
1 1..

P-VAWI;; : Pre l > lOBsJ

o I..GFT I-Ia : P < P
1 1..

,~

THI;; RGI..(;VANT P-VAWI;; I7I;;PI;;NI7$ ON
THG AI..TGRNATG HYPOTHI;;SIS:

A) TWO-'SII7GI7 I-Ia : P
1
*P1..

~ ..

16&

~'f U~~~b A 1'b.8LE,
A CoMPU"~R, OR p.
COM?U"f{;\<' ON

A TA~LE ...

TO TGST THG NUl..l.. HYPOTHGSIS

1-10 : PI ::. pz

COMPUTG THI;; TGST STATISTIC

l : PI - pz
OBS SEo(P)

(WHGRG SEo IS COMPUTGI7 USING
THI;; POOI..I;;I7 PROBABII..ITY
08TAINI;;17 BY COM81NING 80TH
GROUPS).

P-VAWG : PR(Z;::' ZOBS): PR(Z;::' ?1..) : ,,0000001

~i

The ....;;--­
general

"recIpe:

loBS IS MORI;; THAN FIVE ~TANf)ARf) f)EVIAilON~ FROM ZI;;RO, A STRONG
PO$IT/VI;; I;;FFGcr. USING A TABI..G OR A COMPUTGR, WG F/NI7 nlG P-VAWG:

o f.2.

IF THI;; NUl..l.. HYPOTHI;;S/S WGRG TRUI;;, THG PROBABII..ITY OF OBSI;;RV/NG AN
I;;FFI;;CT THIS I..ARGG 10$ ONE IN TEN MILLION-VI;;RY STRONG (;VII7I;;NCI;;
AGAINST HoW



...

confi ence
intervals: FOR

L.ARG~ SAMPL.~ SIZ~S, TI-I~ (1-ct) 100%

toNFID~Nt~ INT~RVAL. FOR TI-I~

DIFF~R~Nt~ B~~~N M~NS IS

Pl-P2::' 3i1-3i2 +Z£t SE(X1- XzJ
2.

ot esis teslin : W~ MS~SS
TI-I~ NUL.L. I-IYPOTI-I~SIS TI-IAT TI-I~ TWO POPUL.ATION M~NS AR~ ~QUAI...

Ho : #,::='#'2.

HOW GOOD AN ~STIMATOR IS x1-x2.?

FOR L.ARG~ SAMPL.~ SIZ~S, IT'S
APPROXIMAr~L.Y NORMAL. (BY TI-I~

t~NTRAL. L.IMIT TI-I~OR~), AND ITS
STANDARD ~RROR IS

(TI-I~ VARIANt~S ADD, SINt~

SAMPL.~S AR~ IND~P~ND~NT.) NOW
W~ tAN PROt~~D DIR~tTL.Y TO:

rl-l~ T~ST STATISTlt IS

Z ~ X1-X2

OB~ %(X
1-X)

AND rl-l~ P-VAL.U~S WORK IN
TI-I~ USUAL. WAY.

POPLJL.ATION TWO !-1M Mr;AN
~AL.ARY P'2. AND ~TANDARD

D(;VIATION OZ

POPLJL.ATION ONr; !-IA~ Mr;AN
~AL.ARY P1 AND ~TANDARD

D(;VIATION 0;

A RANDOM SAMPL.~ OF SIZ~ n, FROM GROUP 1 AND n'2. FROM GROUP '2. GIV~S
SAMPL.~ M~ANS OF ;t1 AND ;t'2. AND STANDARD D~IATIONS Sl AND Sl'
R~SP~tTIV~L.Y. rl-l~ ~STIMATOR OFP1-P'2. IS

X1 -X'2.

POPUL.ATION ON~ IS TI-I~ WOM~N, AND POPUL.ATION TWO IS TI-I~ M~N.

Comparing the
E 5 of two populations

$UPPO$~ W~ WANT~D TO tOMPAR~ TI-I~

AV~RA6~ SAL.ARY OF MAL.~ AND F~AL.~

~PL.OY~~S IN TI-I~ SAM~ JOB AT SOM~

tOMPANY.



O. \(... foRb!:. ~t-.f~T'{ ..,
f$llT YOU C.~"'T A.R60€
'f\Irr(-l ge~uTlfVl.. ST'fltJb...

• THI; STANI7ARI7 /;RROR IS Tj.I/; ~AM/; AS
•• FOR LARGI; SAMP~GS, /;Xl/;PT THAT
til SpOOl. R/;PLAl/;S SI ANI7 S2:
•..

III TJ.l/; (1-lX)'100% lONFII7/;Nl/;..
.. INT/;RVA~ IS
to

: Pl-P2:::' %1-%2 +ti!.SE(X1-XzJ
2

: SE(Xl-X) ::........
III

III

....

.. WJ.l/;R/; t~ IS A lRITIlA~ YAW/; OF t.. T
: WITH nl-n2-2 I7/;GR/;/;S OF FR/;/;170M.
to
III....
III....

Pl-PZ ::;. 740-300 ± t.oz,,(174)

;:; 240 ± (2.23X174)

:::. 2.40 + 340

171

TH/; t 17/STR/BUT/ON tAN B/; US/;17
IF BOTI-I POPULATIONS ARI; MOUNI7
SHAP/;17 ANI7 I-IAY/; TH/; SAM/;
STANI7ARI7 17""AT/ON 0"';:;0"'1;:; 0"'2'

Tj.I/; ON~Y WR/NK~/; IS TJ.lAT WI;
HAYG TO POOL TJ.l/; SUM OF
sqUAR/;S AWUT TJ.l/; M/;ANS TO
FORM A S/NG~/; I;STIMAT/; OF 0"':

1. (l'\.d)?~1-(~l-l)oS~
~ :::. -..:.-------
~OOL Yl -r V'l. -2.

\ "A-

TH/; R/;PT/~/AN tARMAK/;RS AGR/;/; THAT TJ.l/;IR STANI7ARI7 I7/;vIATIONS AR/;
lWS/; ANI7 TJ.l/;/R R/;PA/R HISTOGRAMS AR/; MOUNI7-SHAP/;I7. TH/;y COMPUT/;:

SINer;; nils INlWI7/;S TI-I/; YAWr;; 0,
IGUANA AUTOS I-IAS NOT SJ.lOWN A
S/(;.N/F/tANT IMPROVr;;M/;NT IN
R/;PA/R lOSTS.

IGUANA

1 $70
2 $200
3 $170
4 $400
7 $770
b $400
7 $170

n2 7

'z1- $300

~2 $239

1 $170
2 $400
3 $720
4 $700
7 $930

nl 7

'z1 $740

~1 $299

170

R~~g/;R CJ./A/ri/;LGON MoTOIl~? TH/;/R lOMP,;r/TOR, 16UANA AUTO, lLA/MS
THAT ITS STYROFOAM Hool7 ORNAM/;NT G/Y/;S Bffi/;R FRONT /;NI7 lRASH
PROTGlT/ON, ANI7 TH/;y'Y/; lRASH/;17 ~GV/;N I6lJANA~ TO PROY/; IT!

TH/;IR R/;SU~TS, lOMPAR/;17 WITH CHAM/;~/;ON'S:

and how about comparing
5 LL LE
MEANS?



TI-4IS GXC&Iif)~ Tl-IG a'" .07
SIGNIFltANtG l,.(;VI;I..., ~O WI;
tONtWDG THAT TI-4I; (;VIDGNtr;
IN FAVOR OF r;/THI;R bA~ IS
VGRY WGAK.

# .2714

1
Pr(lll ~ IZoBsl) ~ Prt: III ~ -;o;r)

~ Pr(lll ~ 1.1) ~ 1.(.13,0

# -1 + 1.774

~AAPEDAREA =.1114

. -
-/.1 /./

T1-4/~ INtWDG~ TI-4I; VAWI; 0,
tORRGSPOND/NG TO...u1"'...uZ

Tj.lG P-VAWG FOR Tj.l1; AI...TI;RNATG
I-4YPOTj.lG~/~? Ha : ...u1:f:....uZ,I~

OWINb TO TI-4r; I...ARGI; ~TANDARD
D(;vIATION~, Tj.l1; ~TANI7ARD r;RROR I~

PRGTTY ~UB~TANT/AI...:

AT Tj.lG 97% tDNF/DGNtG I...r;vGI..., WI; l-IAVG

...ul-...uZ ::::. ~l - ~1 ± z..01.,(.907)

'" -1 ± (1.96)(.907)

?AMP\..I; MI;AN ?TAN17AR17 «:
?/ZI; M/\..I;AGI; 17(;\1IATION

A 70 27 7.00

B 70 26 4.00

172.

Xl - X1. '" 27 - 26 '" -1

IS bM B RI;AI...I...Y Bml;R
Tl-IAN bM A?

STARTINb WITI-4 100 tABS, I-4G RANDOMI...Y ASSlbNS 1$0 TO GAtI-4 bA~I...INI;, AND,
AFTGR A DAY'S DRIVINb, D(;TI;RMINI;S

HGRG'~ AN G)(AMpl...r; TI-4AT ~I-IOW~ nil;
PITFAI...I...~ OF MINDI...G~~I...Y FOl...l...OWINb
Tl-IG tOOKWOK: A I...ARbG TAXI FI...G(;T
OWNGR WANT~ TO tOMPARI; TI-4I; bM
MII...(;M.I; U~INb 6A~ A AND 6A~ e.



CAB GAS A GAS B 171FF/;Rj;Ntj;

1 2.7.01 2.6.9? 0.06
2. 2.0.00 2.0.44 -0.44

3 2.3.41 2.?0? -1.64
4 2.?2.2. 2.6.32. - 1.10
? 30.11 2.9.?6 O.??
6 2.??? 2.6.60 - 1.0?
7 2.2..2.3 2.2..93 -0.70

£I 19.7£1 2.0.2.3 -0.4?

9 33.4? 33.9? -O.?O
10 2.?2.2. 2.6.01 -0.79

Mj;AN 2.?2.0 2.?BO -0.60

STANDARtI D(;V/AT/ON 4.2.7 4.10 0.61

11;

'v

Wj; ST/L.L. RANDOM/Zj; THj; TRj;ATMj;NT BY FL./PP/NG A tOlN TO Dj;tlDj;
WHj;THj;R TO USj; GAS A ON TUj;SDAY OR Wj;PNj;SDAY. Wj; tAN AL.SO tUT THj;
j;}(Pj;R/M'NT DOWN TO 10 tABS, SAVING THj; OWNj;R A L.OT OF T/Mj; AND
MONj;y/

A FAR Smj;R WAY TO 170 nils STUDY IS TO ASSIGN GAS A AND GAS B TO THj;
~A/IIG CAB ON PIFFGHGAlT PAY~.

NOTj; THAT THj; Mj;ANS ANti STANDAR\7 \7(;V/AT/ONS OF GAS A ANI' GAS B ARj;
ABOUT TH/; SAMj;. THAT'S TO Bj; j;}(pj;tTj;\7, S/Ntj; THj;y HAVj; THj; SAMj; SOURtj;
OF VAR/AB/L./TY AS IN T\-Ij; UNPA/Rj;\7 j;}(Pj;R/Mj;Nr. BUT NOW TJ.I/; PIFFGHGNCG
COUJ/IIN J.lAS A V/;RY ~/IIALL STAN\7ARD \7(;V/AT/ON. TJ.lj; \7/FFj;Rj;Ntj; toWMN,
BY toM PARING GAS Pj;RFORMANt/; W/TJ.I'N A S/NGL.j; tAR, /;l.IMINAT(;S
VAR/AB/I./TY BbfWt:l:N TAXIS.

nlj; TAXI OWNj;R FOL.WWj;tI T\-Ij;
tOOK800K j;}(ACfL.Y. HiS SAMPL.j;S
Wj;Rj; RANPOM, ANti I-IIS SAMPL.j;
S/Zj; WAS J,.ARGj; j;NOUG\-I. Hj;
JUST FAIL.j;tI TO TUIAIK WH/;N
Nj;tj;SSARY/

174

AI..THOUGH GAS B APPj;ARS TO Bj; SL./GHTL.Y Smj;R THAN GAS A, THj;
tONF/Dj;Ntj; INTj;RVAL. WAS W/Pj; Sj;tAUSj; OF THj; L.ARGj; STANPARD
P(;V/ATIONS-I.j;., THj; /IIILGA6G~ VAHIGP WIPGLY FHO/ll OAIG CAB TO TUG
AlGXT. WHY SUtH HIGH VARIASIL.ITY? Bj;tAUSj; tABS-AND tABBIj;S-HAVj;

DIFFj;Rj;NT PGH~OAlALlTIG~!
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GAS A • III

TH~ PR~DOMINANt~ OF RIGHT­
L.~NING I..IN~S IS A STRONG
I-lINTTI-lAT GAS B GIV~S

Bm~RMII..~~.

H~R~ AR~ P\..OTS OF TH~ GAS MIL.~~ DATA: TH~ FIRST ON~ SHOWS nil;
MIL.~~S UNPAIR~D:

-.Ib D-./;0

B

~
V\llI.J."-.--.--~~ ,= ]

176

~ -.6 + (1.16)(£)
'JiO

~ -.60:c.44 -1.01.\

!-fa:)A.d"* 0

P-VAL.U~ ~ Pr(ltl ~ Itog~1)

~ Pr(ltl ~ .;~ )

~ Pr(ItI~ 3.1;)

~ .012 < .05

TH~ HYPOTH~SIS-T~STINGP-VAL.U~ tAN B~ FOUND USING A SOFTWAR~

PAtKAG~:

$0 W~ HAV~ -1.04 :::;)A.d:::; -.16 WITH 9';% tONFID~Nt~. GOOD ~ID~Nt~ THAT
GAS B R~L.L.Y IS Bm~R.

TH~ 9';% tONFID~Nt~ INT~RVAL. AROUND d IS

nl~ DIFF~R~Nt~S d i PROVID~ A
~/N6LE /riEA~IJRE OF
PIFFERENCE FOR EM", TAXI,
AND W~ tAN US~ IT TO MAK~ A
SMAL.L.-SAMPL.~ t T~ST STATISTlt:



-n·ll'? I~

WHY 7iATI~r,c..~

E3oot:::'? ARe
70 '~ILl<...

TJ.lG ONI..Y THING R(;AI..I..Y N(;W
IN TJ.lG lJ.lAPTGR WA$ TJ.lG ID(;A
OF TJ.lG PAillE/) COIAPAR/~ON
TE~r. IN THG NGXT lJ.lAPTGR,
WG'I..I.. I..OOK AT $OMG OTJ.lGR
K/ND$ OF GXPGRIMGNTAI..
DG$IGN$.

• TI-IG MGAN$ OF
MORG TJ.lAN TWO
POPUI..ATION$ WJ.lGN
$AMPI..G $IZG 1$
I..ARGG,

• HIG $TANDARD
DGYIATION$ OF TWO
POPUL.ATION$ WI-IGN
$AMPlG $IZG 1$
'SMA!.I..)

• THG M(;AN$ OF
MORG THAN TWO
POPIJL.ATION$ WJ.lGN
$AMPI..G $IZG 1$
$MAll..,

IN TI-I/$ lJ.lAPTGR, WG APPI..IGD TI-IG
8A$Il ID(;A$ ABOUT lONF/DGNlG
INTGRVAI..$ AND J.lYPOTJ.lG$I$
TG$TING TO TI-II; lOMPARlSON OF
TWO POPUI..ATION$. TI-IGRG ARG
INNUMGRA81..G FURTJ.lGR PO$$I­
811..IT/G$. WG lOUI..D I-IAVG GONG ON
TO DG$lR/8(; lOMPAR/$ON$ OF:

IN PRAcrllG, $TAT/$Tll/AN'S D(;TGRMING TI-IG GGNGRAl NATURG OF TI-IG
PR08I..GM, AND TJ.lGN lON$UI..T TJ.lG RIGJ.lT RGFGRGNlG BOOK.

~1-l"'W~ WUA'T ~vGt( \-\~'P?~~EP
To ~CO~ At-lP 'Gb~?

A B

OR, IN lOMPARING TWO BR(;AKFA$T lGR(;AI..$, (;AlI-I TMTGR RATG$ BOiI-l
lGR(;AI..$ (IN RANDOM ORDGR). TJ.lG PAIRGD lOMPARI$ON R(;MOVG$ TI-IG
NATURAl.. 81M OF TJ.lG TMTGR FOR OR AGAIN$T lGR(;A1.. IN GGNGRAI...

A PAIRGD lOMPARISON GXPGRIMGNT 1$ ONG OF TI-IG MO$T GFFGlTIVG WAY$ TO
RGDUlG NATURAl.. VARIA811..ITY WI-III..G lOMPARING TR(;ATMGNT$. FOR G)(AMPI..G, IN
lOMPARING I-IAND lR(;AM$, TI-IG TWO 8RAND$ ARG RANDOMI..Y A$$IGNGD TO
(;AlI-I $UBJGlT'$ RIGI-IT OR I..GFT I-IAND$. TI-II$ GI..IMINATG$ VARIABII..ITY DUG TO
$KIN DIFFGRGNlG$.

118
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• Chapter 10.

E

nu; I7r;SI6>N OF AN r;xpr;RIMr;NT OFTr;N spr;l.l.S suur;ss OR FAIWRr;.
IN nu; PAIRr;17 COMPARISONS I;XAMPl.I;, OUR STATISTICIAN Cj.lANGr;17
ROl.I;S FROM PASSlvr; NUMSI;R GATj.lI;RING AND ANAl.YSIS TO ACTlvr;

PARTICIPATION IN Tj.lr; DI;SIGN OF Tj.lr; I;XPI;RIMI;NT.

1$0

r



IN nils CI-IAPTGR, WG
INTRODUCG TI-IG BASIC
IDI;;AS OF GXPGRI­
MGNTAL. DGSI6rN,
WHIL.G L.I;;AVIN6r THG
DI;;iAIL.GD NUMGRICAL.
ANAL.YSIS TO YOUR
I-IANDY STATISTICAL.
SOFTWARG PACK.

n-lG GL.I;;MGNTS OF A DGSI6rN ARG TI-IG EXPGRIMGNTAL UNIT~ AND THG
TRGATMGNT~ THAT ARG TO BG ASSI6rNGD TO TI-IG UNITS. TI-IG OBJGCTIVG OF
ANY DGSI6rN IS TO COMPARG THG TRI;;ATMGNTS.

TODAY, GXPGRIMGNTAL. DGSI6rN IDI;;AS
ARG USGD GXTGNSIVGL.Y IN INPU~TRIAL

PROCG~~ OPTIMIZATION, MGPICING
AND ~OCIAL ~CIGNCG. ANY GXPGRI­
MGNTAL. DGSI6rN US(;S T#RGE BA~/C
PRINCIPLE~, WHICH ARG CI..I;;ARI..Y
IL.WSTRATGD IN OUR CAB GXAMPI..G:

Replication: THG SAMG

TRI;;ATMGNTS ARG MSI6rNGD TO
DIFFGRGNT GXPGRIMGNTAL. UNITS.
WITHOUT RGPL.ICATION, Ii'S
IMPO?SIBI..G TO ASSGSS NATURAl..
VARIABII..ITY AN17 MI;;ASURI;;MGNT
GRROR.

~/'
1\'

Randomization:
TI-IG GSSGNTIAL. STGP IN AL.1..
STATISTICS! TRI;;ATMGNTS MUST BG
ASSIGNGD RANDOMI..Y TO GXPGRI­
MGNTAI.. UNITS. FOR I;;ACI-I TAXI, WG
ASSI6rNG17 GAS A TO TUGSDAY OR
WGDNGS17AY BY FI..IPPIN6r A COIN. IF
WG HADN'T, TI-IG RGSUI..TS tOUI..D I-IAVG
BGGN RUINGD BY DIFFGRGNCGS
BI;;TWGGN TUGSDAY AND WGDNGS17AY!

- LAD'!, '1oJRf.
IN "~E
6~O'k'...

Local control RGFGRS

TO ANY MI;;iHOD TI-IAT Ac::c::oUNTS FOR
AND RG17UCGS NATURAl.. VARIABII..ITY.
ONG WAY IS TO GROUP SIMII..AR
GXPGRIMGNTAI.. UNITS INTO BLOCK~.

IN THG CAB G)l.AMPI..G, BOTH 6rASO­
I..INGS WGRG USGD IN I;;ACH CAR, AND
WG SAY TI-IAT THG CAB IS A BI..OCK.

FOR MGDICAL. TRIAL.S, TI-IG PATIGNT~

ARG THG UNITS, AND TI-IG PRU~ ARG
THG TRI;;ATMGNTS. IN n-lG MIL.WG
GMMPL.G, THG GXPGRIMGNTAL. UNITS

ARG TAXICABS, AND il-iG TRI;;ATMGNTS
1......r.l-:-r.-rIfrrr"'1"'7-- TO BG COMPARGD ARG 6rAS A

AND GAS B.

IN AGRICUL.TURAL. GXPGRIMGNTS, THG GXPGRIMGNTAL. UNITS ARG OFTGN P!.OfS
IN A FIGL.D, AND THG TRGATMGNTS MI6rHT B(; APPL.ICATION OF DIFFGRGN"f
WI-IGAT VARII;;iIGS, PGSTICIDGS, FGRTIL.IZGRS, I;;iC.



NOW 'SUPP~I; WI; WANT TO INYI;'STIGATI; n~1; I;FFl;cr OF TWO gRAND'S OF
TIRI;'S A'S WI;I..I.. A'S TWO GA'SOI..INI;'S. WI; HAYI; FOUR p~'Slgl..l; TRr;ATMI;NT'S,
WHltH WI; tAN I..AY OUT IN A TWO-gy-TWO FAcrORIAI.. l71;'SIGN. THI; TWO
FAcrOR'S ARI; GA'S AND TIRI; MAKI;.

TI-II; RANDOMIZATION 'STI;P
PltK'S A 'SINGI..I; I..ATIN oSQUARI;
l71;'SIGN AT RANl70M FROM A
I..I'ST OF AI..I.. P~'Slgl..l; FOUR­
WAY I..ATIN 'SQUARI;'S.

A FOUR-gY-FOUR TAgl..1;
WITH FOUR l7IFFI;RI;NT
1;L.r;MI;NT'S, r;AtH APPr;ARING
ON'I; IN r;vI;RY toI..UMN
ANl7 ROW, I'S tAl..l..l;l7 A

Latin square.
IN TI-II'S I;XPI;RIMI;NT, TI-II;
FOUR l7AY'S ANl7 FOUR tAg'S
Gr;T AI..I.. FOUR TRr;ATMI;NT'S
I;XAcrI..Y ON'I;.

b
d

a
c

GA'S A GA'S B

TIRI; A

TIRI; s

WI; tAN A'S'SIGN THI; FOUR TRr;ATMI;NT'S AT RANl70M TO FOUR l7IFFI;RI;NT l7AY'S
FOR r;AtH os: AI..l.. FOUR TRr;ATMI;NT'S (a, b, C, ANl7 d) ARI; RI;Pr;ATI;l7
WITHIN WH gl..OtK tos: THI'S I'S tAl..l..l;l7 A CO/llPLI?rE RANfJOMIZEfJ 8LOCK
l71;'SIGN.

IF FOUR UNIT'S I'SN'T I;NOUGI-I, WI; tAN IN'Rr;A'S1; TI-II; NUMgl;R OF
I;XPI;RIMI;NTAI.. UNIT'S gy REPEATING TI-II; I;XPI;RIMI;NTAI.. l71;'SIGN. $TARTING
WITH I;IGI-IT tAg'S, WI; toUI..l7 l7IYIl71; TI-lr;M INTO TWO GROUP'S OF FOUR ANl7
TI-II;N RI;Pr;AT TI-II; l71;'SIGN WITI-IIN r;AtH GROUP.

'SO FAR, WI; HAYI; l7AY
A'S'SUMI;l7 TJ.lAT r;vI;RY 1 2 ~ ..
l7AY OF THI; WI;I;K I'S

b dTHI; 'SAM1;, gUT WI; tAN os 1 a C

tONTROI.. FOR THI'S, 2 b C d a
TOO, IN TJ.l1;

~ C d a b
FOI..I..OWING WAY: U'SI; .. d a b CONI..Y FoUR CA8~, ANl7
A'S'SIGN THI;

Cf)TRr;ATMI;NT AUORl7ING
TO THI; TAgl..1; AT
RIGHT:
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• Chapter 1 1 •

E ES I

nils IS AN t;XAMPL.E OF A BROAD CL.A$$ OF IMPORTANT QU'STIONS: DO'S
BLOC/) P"Ii~~IJRIi uva; PR'DICT Llfli t;XPliCfANCI? ~ ~.A~T. ~CORIi~
PR'DICT COLLli6/; PliRFORMANCIi? DO'S READING STATISTICS WOK~ MAK'

YOU A Bm-liR Pj;R~ON?

FAR, WE'VE DONE STATISTICS ON ONIi VARIABLIi AT A TIM/;, WJ.lEnIER IT
CAME FROM A POPUL.ATION OF PIL.L. TAKERS, PICKL.ES, OR CRASJ.lED CARS. IN
nils CJ.lAPTER, WE'LL. SEE J.lOW TO REL.ATE TWO VARIABLIi~ GIVEN TJ.lE
WliI6#T~ OF TJ.lE 92 STUDENTS IN CJ.lAPTER 2, WE ASK HOW TJ.lEY ARE REL.ATED

TO TJ.lE STUDENTS' #liI6#T~.

186

EXP~RIM~NTAL. DESIGNS ARE ANAL.YZED BY AL.L.OCATING TOTAL. VARIABIL.ITY
AMONG DIFFERENT SOURCES. IN TJ.lE CAB EXAMPL.E,TJ.lE SOURCES OF
VARIABIL.ITY ARE TJ.lE CAB, TJ.lE TIRE MAKE, GAS TYPE, DAY-AND RANDOM
ERROR. ANAL.YSIS OF VARIANCE, ANOVA FOR SJ.lORT, PARTITIONS TJ.lETOTAL.
VARIATION, AL.L.OCATING PORTIONS TO ~J.I SOURCE.

IN TJ.lE NEXT CJ.lAPTER, WE EXPL.AIN IN
D~AIL. ONE MODEL. FOR ANAL.YZING
COMPL.EX DESIGNS: TJ.lE LlNliAR
Rli6RIi~~/ON A1O/)liL. IN L.INEAR
R~GRESSION, YOU'L.L. BE ABL.~ TO S~E

ANOVA UP CL.O$~ AND NUMERICAL....

W~ PROMIS~D NOT TO GO INTO TJ.I~ DATA ANALYSIS IN ANY D~AIL., BUi J.I~R~

IS ROUGJ.lL.Y J.lOW A COMPL.~X D~SIGN L.IK~ TJ.lIS IS J.lANDL.~D.
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height
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o

o

60
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: 0 0_

···················e··············r········································1

001
50

100

200

250
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0)

'a; 150
:s:

W"GI-IT
B4
95

140
155
119
175
145
197
150

l·u;rGI-IT
60
62
64
66
6B

70
7Z
74
76

tAN wr; PRr;rJlcr A ~TUrJr;NT'~ Wr;,GI-IT '!I FROM HI~ OR I-Ir;R I-Ir;IGHT ,X?

egression analysis
FIT~ A ~TRAIGI-IT ~INr; TO
TI-II~ Mr;~~y ~tArrr;RP~.

,X I~ tA~~r;D Tl-lr;
INfJEPENfJGNT OR
PREPICTOR VARIAB~r;, ANrJ
li I~ Tl-lr; PEPENPENT OR
RE~PON~G VARIAB~r;. Tl-lr;
RGGRE~~/ON OR PREPICTION
~/Nr; I-IM Tl-lr; FORM

y. -:::. a+b;t

TO I~w~TRATr; Tl-lr; FlrrlNG PRotr;~~, L.r;r~ u~r; A ~MA~~r;R, RIGGr;rJ DATA ~r;T

WITI-I ON~Y NINE ~TUrJr;NT 1-Ir;,GI-IT-Wr;,GI-IT PA/R~:

7570

height

6560

50

200

250

­..s:::::0)

.~ 150

lBB

100

o

FOR TI-II~ tI-lAPTr;R, ~r;T'~ UBr;~ Tl-lr; Wr;IGI-IT DATA A~ '!I AND Tl-lr; I-Ir;IGI-IT rJATA
M ,X. TI-IU~ ('xi' '!Ii) I~ Tl-lr; l-Ir;rGI-IT ANrJ Wr;,GI-IT OF ~TUrJr;NT t. wr; rJ/~PUY

Tl-lr; POINT~ ('xi' '!Ii) IN A 2-rJIMr;N~IONA~ rJOT PWT tA~~r;rJ A ~CATTERPLOT.

X

(~Mr; OF Tl-lr; rJOT~ ARr; BIGGr;R, Br;tAU~r; TI-IGY Rr;PRr;~r;NT TWO OR TI-tRr;r;
~TUrJr;NT~ WITI-I Tl-lr; ~AMr; 1-Ir;IGHT ANrJ Wr;/GI-IT.)

IN MATI-I t~A~~, YOU PROBAB~Y

~bARNr;D TO ~r;r; Rr;UTION~I-IIP~

DI~PUyr;D A~ GRAPU~. GIVr;N ,X,

YOU tAN PRr;Dlcr '!I'
BUT IN ~TATI~Tlt~, Tl-lrNG~

ARr; Nr;vr;R so t~bANI wr;
KNOW (OR ~upp~r; wr;
KNOW) TI-IAT 1-Ir;,GI-IT I-IA~

AN INFWr;Ntr; ON Wr;IGI-IT­
BUT rT'~ NOT Tl-lr; ~OLl;

INFWr;Ntr;. TI-lr;Rr; ARr; .
OTI-lr;R FAtTOR~, TOO, ~rKr;

~r;x, AGr;, BOW TYPr;, AND
RANfJO~ VARIATiON.



'IOU c:P-tt fl.l.lu~L.L.'1

MA,\<r;. "£'I."" M~T~
It-ll(jIIIV6 ..,~UT '/01)
!-tf:>.YG TO GO ltJ-rO

n-t7IMEt--\."Ot-'M.
~I"ACE" 'To 110 \-r...

iH~ tR~$ PROt7UtT t7~~RM/N~$

(WITH $$;t;t) iH~ ~FFltl~Ni b.

~UM OF ?QUAR~$ AROUNt7
n"~ M~N, T"'~~~ M~$UR~

TH~ ~PR~t7 OF /ti ANt7 ]fi'

n

~ ~(;ti-~)(1j.i- y)
j-=-1

n

L(Jti--Xrz
;"'/

n

L/Jti- -X) (]fi- yJ
;"'/

B~tAU$~ $OM~ OF nl~~~ ~XPR~$~ION~ WI~~ ~HOW UP A6>AIN, W~ ABBR~IAT~

iH~:

ANt7

a ~ y-b~

(H~R~ ~ ANt7 YAR~ iH~ M~N$ OF
{;til ANt7 {1j.i} R~~P~tiIV~~Y,)

Nor ro g~i AROUNt7 iH~ gUSH. W~
(;.IV~ WliHOUi PROOF iH~ R~(;.R~~$rON

L./N~'~ FORMUI.A: rrs M~~$Y sur
tOMPUiAg~~.

1j. ~ a+b;t

WH~R~

lit

The regression or
least squares line
l~iH~ t1N~ WITH iH~ ~MALLe~., ~~G.

HI~TORltAI. NOTf;: WHY t70 Wf; tAI.l. THI~ PROtf;t7URf; RGGRG'S'SION
ANAL.Y'SI'S? AROUNt7 THf; TURN OF TI-lf; tf;NTURY, Gf;N(;Tltl~T FRANCI'S
GAL.TON DI~tOVf;Rf;D A PI-lf;NOMf;NON tAI.I.f;D RGGRG'S'SION TOWARfJ
TUG MGAN. Sf;f;KING I.AW~ OF INI-lf;R/TANtf;, I-lf; FOUND THAT ~ON~'

1-lf;IGI-lT~ Tf;Nt7f;t7 TO RGGRG'S'S TOWARD TI-lf; Mf;AN 1-lf;IGHT OF THf;
POPUI.AT/ON, toMPARf;D TO THf;IR FATI-lf;R~' Hf;IGI-lT$, iA1.1. FATHf;R~

Tf;Nt7f;D TO HAVf; ~Mr;wHAT ~I-lORTf;R ~N~, AND Vltf; Vf;R~A. GAl.TON
Dr;vf;I.OPf;t7 RGGRG~~/ON ANAL.Y~/~ TO ~TUDY THI~ f;FFf;a. WHltH Hf;
OPTIMI~TltAI.I.Y Rf;Ff;RRf;D TO A~ "Rf;GRf;~~ION TOWARD M(;DIOtR/TY," -

rrs AN A(;.(;.R~(;'Ai~ M~~UR~ OF HOW MUtH iH~ t1N~'~ "PR~t7ltT~t7 ]fi ,"
OR fji' t7IFF~R FROM iH~ AtTUA~ t7AiA VAW~~ ]fi'

n

SSE -::. L/:¥i- Yi)2
i -:=.1

iH~ It7~ I~ ro MINIMiZe
iH~ roru, ~PR~t7 OF TH~

]f VAW~~ FROM iH~ WJ~.

rosr A$ WH~N W~ t7~FIN~t7

iH~ VAR/ANt~. W~ ~K Ai
A~~ iH~ ~qUAHe/) 1j.
/)/~"ANce~ FROM iH~ ~/N~,

ANt7 At7t7 iH~ UP ro (;.~

iH~ ~UM of ~qUAHe/)

eHHoH~:



BAI7 FIT: L.ARb(;; $$E,
bV(;;t-J toMPAR(;;17 TO
I.ARb(;; TOTAL.
SPR(;;AI7

BAI7 FIT~ BIb $$E
R(;;I.ATIV(;; TO ~MAL.L.

TOTAL. ~PR(;;A17

.. -------_ ..•

600017 FIT: MOI7(;;RAT(;;
$$E, BUT I.ARb(;;
TOTAL. SPR(;;A17

600017 FIT~ ~MAL.L. $$E,
bV(;;t-J toMPAR(;;17 WIT,",
~MAL.L. TOTAL. ~PR(;;A17

AS yOU tAN IMA60lNI;;, T~I;; ANSWI;;R TO T~IS QUI;;STION [7I;;PI;;N[7S ON ~OW

SI..OPPII..Y T~I;; [7ATA POINTS ARI;; SPRj;A[7 OUT, 1.1;;., ~OW 8160 ~~C IS, RI;;I.ATIVI;;
TO T~I;; TOTAl.. SPRj;A[7 OF T~I;; [7ATA. $OMI;; I;;)(AMPI..I;;S:

75

o

X
70

o

191

height

6560

o 1 0...................e- ; Q j

o 0 1
50

100

200

250

-..c::
0)

.0:; 150
s:

W~Ic;~ 6olVI;;S VAWI;;S OF a AN[7 b:

12.00
b-:::. 2.40 -:::.~ a =-- y. - b"i -:::. 140-?,(b9) =-- -200

SO ?f =-- -200 + ~;(,

FOR nu; RI6060I;;[7 [7ATA, ~I;;RI;;'S T~I;; W~OI..I;; c;OMPUTATION:

::ti Yi (::ti-j ) (Yi-yJ (::ti-j ) 2 (Yi-YY (::ti-j ) (Yi-yJ
(AS PROMISI;;[7, OR T~Rj;ATI;;NI;;[7l) ~
NOW WI;; ASK: IF T~IS IS T~I;; •

60 94 -9 -r;6 64 3136 449 81;;ST FIT, ~OW 6000[7 IS IT?

61 9r; -6 -4r; 36 101r; 170
64 140 -4 0 16 0 0

~~12.66 1r;r; -1 1r; 4 11r; -30
69 119 0 -11 0 441 0
70 17'1' 1 31)' 4 111r; 70
71 14r; 4 r; 16 1r; 10
74 197 6 ?7 36 3149 341
76 1r;0 9 10 64 100 90

SUM",611 1160 $$;:t;:t"'140 ~""0416 $$;:ty",,100

j",69 y-=-140



correlation

tAUUUTlN6> R2 FOR TI-ll;
RI6>6>I;D DATA ~GT, WI; 6>GT

R2 ~ 6000 ~ ot;B
10,4~6

t)B% OF TI-lG VARIATION IN
WGI6>I-lT I~ GXPUINGD 8Y
1-l1;16>I-lT. TI-ll; OTI-lGR 42%
I~ "I;RROR."

(8I;tAU~1; ~~R ~ ~~III1-~~E). R2 1$
A~WAY~ ~I;$~ TI-lAN 1. TI-ll; t~~I;R IT
I~ TO 1, TI-ll; Tl6>I-lTI;R TI-ll; FIT OF
TI-ll; tURVI;. R2 ~ 1 toRRI;~POND~

TO PI;RFl;cr FIT.

I~ TI-ll; PROPORTION OF TI-ll; TOTA~ ~~1I11

AUOUNTI;D FOR 8Y TI-ll; RI;6>RG~~ION:

The 5 uare

I~ TI-ll; PROPORTION OF
GRROR, RGUTlVG TO
TI-lG TOTA~ ~PRGAD.

~~R MGMURG~ TI-lG TOTA~

VARIA81~lrY DUG TO TI-lG
RG6>RG~~ION, 1.1;., TI-lG
PRI;Dlcrl;D VAWI;~ OF y.
~~E WI;'VG A~RGADY MGT.
NOTI; TI-lAT

$%

$$yy

4426

6000

10,426

VAWG FOR RI6>6>I;D DATA

• ~i

~RRoR-. .....
, 1,{': 1fit
~ -R~bR~ION

- '
1'··""""'''''~''''''''''''''''''·'''' ".

,

n

~~E ~ I,(yi- yyl
i=-I

n

~~R ~ I,(y i - y.)'z
i=-I

n

~~W ~ I,(Yi- y.)2
i=-I

TOTA~

I;RROR

R/;60R/;$$ION /;RROR

:itj lfi
"... CVry) (~i-YY' (Yi-~i)

( "... 2lfi Yj-Yi)

so e4 100 -40 1600 -16 276
62 97 110 -30 900 -17 227
64 140 120 -20 400 20 400
66 177 130 -10 100 27 627
6fJ 119 140 0 0 -21 441
70 177 170 10 100 27 627
72 147 160 20 400 -17 227
74 197 170 30 900 27 729
76 170 190 40 1bOO -30 900

%"'-6fJ y"'-'40 $$R=-bOOO $$E=-4426

~OURtl; OF VARIA81~lrY ~UM OF ~UARI;~

(BY TI-ll; WAY, IT I~ NOT 08VIOU~ TI-lAT ~~31?t ~ ~~R + ~~E-8UT IT'~ TRUI;O
ANYWAY, I-lI;RI; I~ 1-l0W TI-ll; RG6>RI;~~ION ANl7 I;RROR·~UM~ OF ~UARI;~ ARI;
tAUUUTI;D FOR TI-ll; RI6>6>I;D DATA ~GT, WITI-l Y. ~ -200 +s».

ANOVA table

~GT'~ QUANTIFY TI-lI~ 8Y
APPORTIONIN6> TI-ll; VARIA8I~lrY
IN y.. RI;FI;R TO TI-ll; PlcrURI; AT
RI6>llT FOR 6>UIDANtl;. WI; ~GT

Yi :::. a+b:ti

TI-lU~, Yi ARG TI-ll; PRGDlcrGD
WGI6>I-lT~ DGTI;RMINGD 8Y TI-ll;
RG6>RG~~ION ~ING. .



It-! f;'L:f1 THIS ENilRE
000K CAN BE: CoM·
Pf?f~w It-llo T,.tE
"~~D Of flo.
~i~ll~iIC( "N...

t-ratio p
-1 ,81 0,114

3,08 0,018

Stdev
nO,7

1 ,623

R-sq = 57,5% R-sq(adj) = 51,5%

Coef
-200,0
5,000

Analysis of Uariance

SOURCE OF SS MS F p

Regression 1 6000,0 6000,0 9,49 0,018
Error 7 4426,0 632,3
Total 8 10426,0

MTB > regress 'we i ght' on 1 independent var i nb Ie' he i ght '

WEIGHT = - 200 + 5,00 height

NOW L.r;T'S sr;
1-l0Nr;ST: NOSOI7Y­
wsu, A/"/M)~T

NOSOI7Y-170r;s
TI-lr;Sr; tAL.tUL.ATIONS
SY I-lANI7 ANYMORr;.
WITI-l A tOMPUir;R,
AL.L. TI-lIS WORK tAN
sr; 170Nr; IN ONE
LINE of COVE...

ANI7 THr; Rr;SUL.TS ARG

USING THr; /IIINITAB STATISTltAL. soFTWARr; SYSTr;M, 17r;vr;L.Opr;17 AI pr;NN
STATr;, THr; SINGL.r; toMMANI7 L.ooKS L.IKr; THIS:

The regression equation is

s = 25,15

Predictor
Constant
height

r-::.o .G r -: 0.7 1&•• .. •• •
• • •

••• ••6 • • •
• •• • •••

•

196

r '" (SIGN OF b) ifi.2

Y' :: 1

AL.Tr;RNATr;L.Y, TI-lr;

correl lion
• •coe IClen'

IS TI-lr; SQUARr; ROOT OF RZ WITI-l
TI-lr; SIGN OF b.

ruus, r IS + IF TI-lr; L.INr; GOr;s
UP TO TI-lr; RIGI-lT ANI7 - IF IT
GOr;s 170WN TO TI-lr; RIGI-lT.

r Mr;ASURr;S TI-lr; TIGI-lTNr;SS OF FIT, AS wsu AS SAYING WI-lr;TI-lr;R INtRr;ASING
;t MAKr;s If GO UP OR 170WN.



II'l FP..f:f1 T~I$ ENilRE
~OOK CAN at: CoM­
Pi<f~W I~TD TttE
\-\r::~D Of flo.

~i~ll~IIC.( ~N .. -

p

0.114
0.018

t-ratio
-1 ,81

3.08

Stdev
1"10.7
1,623

R-sq = 57.5% R-sq(adj) = 51.5%

Coef
-200,0
5.000

Analysis of Uariance

SOURCE OF SS MS F p
Regression 1 6000.0 6000.0 9.49 0.018
Error 7 4426.0 632.3
Total 8 10426.0

MTB > regress 'we ight' on 1 independent var i ab Ie I he i ght I

WEIGHT = - 200 + 5.00 height

NOW L.GTI~ 5G
I-IONG~T: NowDY­
WGL.L., ALMo~T
NOWDY-DOG~

TI-IG~G tAL.tUL.ATION~

5Y I-IAND ANYMOR/;.
WITI-I A tOMPUTGR,
AL.L. TJ.lI~ WORK tAN
5G DONG IN ON~

LlN~ of CO{)~.••

U~ING TJ.I/; /IIINITAB ~TATI~TltAL. ~OFTWARG ~Y~TGM, Dr;;vGL.OPGD AT PGNN
STATG, TJ.lG ~INGL.G tOMMAND L.OOK~ L./KG TI-II~:

The regression equation is

Predictor
Constant
height

s = 25.15

r-:.o
o- r -:. 0.7 ..

• • • •
411 •., G

11II

•..
• • •• • • •- •• • -••

r= -0.9

r '" (~IGN OF b) ifi2

AL.T/;RNAT/;L.Y, TJ.I/;

correl lion• •coe IClen'
I~ TJ.I/; ~UAR/; ROOT OF RZ WITJ.I
TJ.I/; ~IGN OF b.

196

TI-IU~, r I~ + IF TI-I/; L.IN/; GO/;~

UP TO TI-I/; RIGI-IT AND - IF IT
GOG~ DOWN TO TJ.I/; RIGI-IT.

r MGA~URG~ TI-I/; TIGI-ITNG~~ OF FIT, M WGL.L. A~ ~AYING WI-IGTI-IGR INtR/;MING
;i MAKG~ 11 GO UP OR DOWN.



!'lD1E' 6R~EK
~~I't~R? 10 IfJDI(~1E

M~L.-DoM~

.

~~I~RI6UTION~
Of E::

199

Y IS Tl-lt; I7t;Pt;NI7t;NT RAN170M VARIABI..t;i .z IS TI-lt; INI7t;Pt;NI7t;NT VARIABI..t;
(Wl-Illl-l MAY OR MAY NOT ·8t; RAN170M)i a- ANI7 pARt; TI-lt; UNKNOWN
PARAM~t;RS wt; St;t;K TO t;STIMATt;; ANI7 G Rt;PRt;St;NTS RAN170M t;RROR
FWtTUATIONS.

ARGGRG~~/ON /t'tOPGL FOR TI-lt; WI-lOI..t; POPUI..ATION IS A I..INt;AR
Rt;I..ATIONSI-IIP

UP TO NOW, wt; I-lAVt; Bt;t;N
170lNGo PATA ANALY~/~,

I7t;SlRIBIN6- Tl-lt; Nt;ARt;ST I..INt;AR
Rt;I..ATIONSI-IIP B[;TWt;t;N TI-lt;
OBSt;RVt;17 I7ATA .z ANI7 Jf. NOW
I..~'S SI-lIFr OUR POINT OF VIt;W,
ANI7 Rt;GoARI7 Tl-lt; 92. STUI7t;NTS
AS A ~A/l.PLG OF Tl-lt;
POPUI..ATION OF STUI7t;NTS AT
I..ARGot;. WI-IAT CAN wt; INFt;R?

ST TI TIC L
I FE E CE

FOR TI-lt; 1-It;IGoI-iT
VS. Wt;IGol-lT MOI7t;I..,
Y IS Wt;IGoI-IT, .z IS
1-It;IGoI-IT, a- ANI7 p
ARt; UNKNOWN, ANI7
YOU CAN TI-IINK OF
G AS Tl-lt; RANPOIA
COIAPONGNT OF
Tl-lt; Wt;IGoI-iTS Y
FOR [;Atl-l VAWt;
OF 1-It;IGoI-iT .z.

7570

height'

1 0

i 0 008
i 8 0 0
B 0
i 0 030 0

.................~ _._o _ ._._..
10 fl

fl i 8
o 8 !

I
j,
I.

p

0.000
0.000

65

o

61,2%

o

F p

144.38 0.000

t-ratio
-7.02
12.02

MS
31592

219

200

I 50 I

100

60

E
Cl
.~ 150

Stdev
29,16
0.4237

SS
31592
19692
51284

R-sq = 61.6% R-sq(adj)

Coef
-204.74

5.0918

MTB > regress I we i ght I on 1 independent var iob Ie I he i ght I

Rnalysis of Uariance

I-lt;Rt; IS TI-lt;
SCArTt;RP!..OT WITI-l
TI-lt; FlrTt;17
Rt;GoRt;SSION 1..1Nt;.
TI-lt; toRRt;I..ATION
tot;FFlllt;NT FOR TI-lIS
I7ATA S~ IS

s = 14.79

The regression equation is
WEIGHT = - 205 + 5.09 HEIGHT

Predictor
Constant
height

SOURCE OF
Regression 1
Error 90
Total 91

NOW I..~'S 170 IT TO nil; RGAL
I7ATA OF 92. STUI7t;NTS:



__ - MOD£L L1t!E
- QEb\~ESsrOIJ I.ltlE

• t>fl.TJlr ~ItJT

AS USUAL.. 17/FF~R~NT SANlPL.~S Y"L.17 I7IFF~R~NT lOL.L.~lT/ONS OF I7ATA.
Wl-Illl-I G~N~RAT~ 17/FF~R~NT R~GR~$$ION L.IN~S. TJ.I~S~ L./N~S AR~

f)/~TR"UTIif) AROUNI7 TI-I~ L.IN~ Y ::. a+ fJ;t + G. OUR QU~STION B~lOM~S:

HOW AR~ a ANI7 b 17/STRIBUT~17 AROUNI7 a AND p. R~SP~lTIV~L.Y. ANI7 I-IOW
170 W~ lONSTRUcr CONFIf)IiNCIi INTIiRVAL~ ANI7 TIi~T J.lYPOTJ.lIi~Ii~?

NOW, GIV~N TJ.I~ MOI7~L. Y~ a+ fJ;t + G. W~ WANT TO 170 AS W~'V~ .170N~

R'P~T~I7L.Y IN TJ.I~ lAST F~ lI-lAPT~RS: TAK~ A ~MtPLIi ANI7 US~ IT TO
Ii~TIMATIi a ANI7 fJ.

ON~ tAN SI-IOW TI-IAT TI-I~

a ANI7 b W~ GOT BY TI-I~

L.~ST-$QUAR~S M~I-IOI7

AR~ SLUG: TI-I~ S~ST

LIN~R UNB/AS~17

'STIMATORS OF a ANI7 p
(WJ.lAT~~R TI-IAT M~ANS!).

7h

R~AL.IT'f
SIMPLIF-I~D

200

1<]0

171} ~ - - - - - - - -~~~
160

nu; DISTRIBUTION OF G IS IN FAa f)IFF/i/(IiNT FOR D/FF~R~NT VAW~S OF ;t:

?-FOOT~RS VARY L.~SS IN TI-I~/R W~IGI-IT TI-IAN 6-FOOT~RS. N~~RTI-I~L.~SS. W~
NOW MAK~ A SIMPL./FYING MSUMPTION: L.~'S SUPPOS~ TI-IAT FOR AL.L. VAL.U~S
OF ;t. TI-I~ G'S AR~ INf)/iP/iNf)ENT, NORMAL, AND J.lAV~ TJ.I~ ~AME ~TANf)ARf)
f)EVIATION (T':' (T'(G) ANf) /tiEAN)A. :. O.

Y :. -117+4(16)+ G

:. 117+ G

$0... MAYB~ TJ.I~ W~IGJ.lT

MOD~L. MIGJ.lT B~

Y :. -117+4;t+ G

G IS NORMAL. W/TJ.I )A. :. 0
AND (T':' 1? POUNI7$ (SAY).
TJ.I~N, AtlORD/NG TO TJ.l/S
MOD~L.. STUD~NTS WJ.lO AR~

6'4" (16 INlJ.l~S) J.lAV~ TJ.I~

DISTRIBUTION OF

SO, FOR ;t ", 76. Y IS NORMAL.
W/TJ.I M~N 117 AND STANDARD
D~/AT/ON 17 POUNI7$.



'1~~... I•.r)O~~ L.l~

T«~ 'YAt!\VE·L.ACGP -
/l.~MoNV"oRT'E­
rFON\ 1H~ My~-rf/<Y
Of TIlE PEtI(t,'s
Pevo~/NATO!? ..

Sf.(b)":- ~
1~~xx

Sf.(a) :::. ~ ~~ +

confi ence intervals

I

HEIGH,

TI-lG 97% toNFlrJGNtG INiGRVAL.~

FOR a- ANrJ P I-lAVG il-lAT OL.rJ,
FAMIL.IAR FORM:

p =- b ± t.rn7 SE( b)

a- =-a ± t.rn7 SE(a)

nlG ~TANrJARrJ GRROR~, I-lOWGYGR, L.OOK RATI-lGR UNFAMIL.IAR. TI-lGY ARG
(WITI-lOUT rJGRIVATION):

WI-lGRG WG U~G TI-lG t rJl~TRIBUTION
WITI-l n-a rJGGRGI;~ OF FRGGrJOM
(FOR TI-IG ~AMG RGA~ON A~ AroVG).

WI-lAT I-lAPPI;NGrJ TO OUR PRGtIOU~ v!r?rr WM RI;PL.AtGrJ BY ~~xx' L.IKG n,
$$xx INtRGA~G~ A~ WG ArJrJ MORI; rJATA POINT~, BUT IT AL.~ RGFL.l;tT~ TI-lG
TOTAL ~PRhAP of TUE:it PATA. FOR GMMPL.G, IF ALL ~Tf)PENT~ ~A/IIPLEP

UAP TUE ~M& #&16#1", WG WOUL.rJ BG UNJU~TIFIGrJ IN rJRAWING ANY
tONtW~ION AWUT TI-lG rJGPGNrJGNtG OF WGIGI-lT ON HGIGI-lT. IN TI-lAT tA~G,

~xx '" 0, GIVING b » t;t) ANrJ INFINITELY WIPE toNFlrJGNtl; INTGRVAL.~.

x·
~

TO RGPGAT, ~ I~ AN I;~TIMATOR OF UOW WIPELY
TUE PATA POINT~ WILL BE ~CArrENEP

ANOf)NP TUE LINE.

A FORMUL.A WI-lltl-l AL.L.OW~

U~ TO tOMPUTG ~

rJIRGtTL.Y FROM nlG
~AMPL.G ~TATI~Tlt~.

AL.TI-IOUGI-I IT I~N'T OBVIOU~,

WG tAN AL.~O WRITG ~ M

~'" "" r~71:t - h$$x'l
.~ n-e:

(WI-IY n-a: IN TI-IG rJGNOMINATOR? BGtAU~G WG I-lAVG U~GrJ UP TWO rJGGRGG~
OF FRGGrJOM TO tOMPUTG a ANrJ b. L.GAVING n-a INrJGPGNrJl;NT PIGtG~ OF
INFORMATION TO G~TIMATG CT.)

WI-lGRG ei ":- Yi - :gi 1'7
TI-IG Y-rJl~TANtG OF Yi
FROM TI-IG RGGRG~~ION

L.ING. TI-lG e, ARG ~A/IIPLh

VALf)E~ of G, ANrJ nlGY
GIVG U~ AN G~TIMATOR ~

FOR CT(G):

FOR ~I-I rJATA POINT (;;ti' Jfi)'
WG I-IAVG

Yi :::. a +b;ti+ e,



WI; TI;LL TJ.l1;
FOOT8A~~

tOAtJ.l TJ.lAT
WI;'RI; PR,;TTY
~lJRI; TJ.l1;
N(;W GlJY
WI;IGJ.l~

~M(;wJ.lI;RI;

8I;TWI;I;N 11P
AND 2~P!!!

YNbW =' -100 + t;(16) ± (1.36t;)(1t;.1t;)

'" 190 ± (1.~6t;)(19.';1)

~ 1fJO ± 10 POUNDS

FOR A NIiW ~TlJDI;NT WJ.lO'~ 6'4", WI; lJ~1; OlJR R/GGI;D ~AMPLI; OF NINI;
POINT~ TO PRI;D/a TJ.lAT

TJ.l1; I;~TIMATI;D MI;AN OF
6'4" ~TlJDI;NT~ I~ 190
POlJN~, AND WI;'RI; 9t;%
tONFIDI;NT TJ.lAT WI;'RI;
WITJ.l/N ~~ POlJN~ OF
TJ.l1; TRlJl; MI;AN.

~(;T'~ WORK IT OUT FOR TJ.l1;
R/GGI;D DATA: FOR TJ.l1; M&AN
W&/~UT WJ.lI;N;t =' 11.1 INtJ.lI;~,

WI; J.lAVI; b ~ -100 AND a ~,.
TJ.lI;N

Y =' -100 +t;(1b) ± (1.~bt;)(1t;.1t;)

'" 190 ± (1.~bt;)(1t;.1t;) V.~171

=' 1fJO ± 36.~ POUNDS

75

o

75

70

height

height

65

65 70

60

50

100

200

250

E
.~ 150

250

200

.E
0) 150.~

100

50

60

204

BOTJ.l TJ.l/;$/; $TANI7ARI7 /;RROR$ toNTAIN A T/;RM
TJ.lAT bROW$ I.ARb/;R A$ TJ.l/; ;t-VAW/;, ;to OR
;tNbW' br;T$ FARTJ.l/;R FROM TJ.l/; Mr;AN VAW/; 3t.
WJ.lY 170/;$ TJ.l/; /;RROR INtRr;A$/; FARTJ.l/;R FROM
3t? B/;tAU$/;, IF yOU WlbbL/; TJ.l/; R/;bR/;$$ION
L1N/;, IT MAK/;$ MOR/; OF A I7IFF/;R/;Nt/; FARTJ.l/;R
FROM TJ.l/; M/;ANf (Rr;Mr;MB/;R, TJ.l/; LIN/; ALWAY$
PA$$/;$ TJ.lROUbJ.l o; Y. ).)

TJ.l1; 9,% PRI;D/alON INTI;RVA~

FOR A N(;W IND/V/DlJA~ YNbW
W/TJ.l 08~I;RVI;D ;tNbW I~

$lJPP~1; A N(;W ~TlJDI;NT I;NRO~~~, WJ.lO J.lM J.lI;IGJ.lT ;tNbW' "'OW WI;~~ tAN
WI; PRI;D/a YNbW W/TJ.lOlJT MI;A~lJR/NG IT?

HOW WI;~~ tAN WI; PRI;171tT
fl.11; M&AN R&~PON~& Y AT
A F/XI;D VAWI; ;to? FOR
IN~TANtl;, WJ.lAT I~ TJ.l1;
MI;AN WI;/GJ.lT OF ~TlJDI;NT~

OF J.lI;IGJ.lT 76 INtJ.lI;~? TJ.l1;
9,% tONFIDI;Ntl; INTI;RVA~

FOR y~ Q +fi;to I~

Q+fi;to~ a +b;to ± t.02.t;S'(y)

WJ.lI;RI;

1/ ~ o; -3t)2
$(;(1/ ) ~ ~ n + """;'.."...--

jJ" SSxx



) \

~
...... _..~

t '" t; _...!L
oss SJ;.(b) - 1.6'2.

-::;. 3.09

FOR TJ.lr; RIGGr;D Wr;IGJ.lT DATA, wr;
STRONGI..Y SUSpr;tT TJ.lr; AI..Tr;RNATr;
J.lYPOTJ.lr;SIS SJ.lOUI..D Br;

Ha .e>o

wr; rrsr

FOR 7 Dr;GRr;r;S OF FRr;r;DOM,
t.o? =- 1.99'5. SINtr; toss> t.o? ' wr;
Rr;Jr;cr TJ.lr; NUl..l.. J.lYPOTJ.lr;SIS Ai iJ.lr;
t\' -:::. .Ot; SIGNIFlCANtr; 1..r;vr;J., ANt'
toNtWD~ TJ.lAi TJ.lr;Rr; IS A
SIGNIFICANT, POSlTlvr; Rr;l..AilONSJ.lIP
Br;rwr;r;N J.lr;IGJ.lT AND Wr;IGJ.li.

01 esis leslin

bt-:=. --
sJ;.(b)

t > t(;t FOR lota:P> 0

t < t(;t FOR Iota : P< 0

ItI > It%1 FOR Iota: P :;t: 0

wr; TAKr; TJ.lIS AS TJ.lr; NULL
JlYPOTJlr;~/~.

Ho:P-:::'O

J.lAS TJ.lr; t t'ISiRIBlJiION WIiJ.l
n-'2. Dr;GRr;r;S OF FRr;r;DOM.
AS USUAl.., iJ.lr; SIGNIFlCANtr; Tr;ST
Dr;pr;NDS ON TJ.lr; AI..Tr;RNATr;
J.lYPOTJ.lr;SIS.

." .
. .

iJ.lr; tOMPI..~~ SK~PTlt MIGJ.lT
SU/?60r;ST TI-lAT TJ.lr;Rr; IS NO
R&LATION~JlIP Br;rwr;~N J.lr;IGI-lT
ANt' W~IGJ.lT. nils AMOUNTS TO
SAYING TJ.lAT P=-o.

7570

height

NINr; DATA POINTS Wr;Rr;N'T r;NOUGJ.l.
IN PARiltUI..AR, TJ.lr;R~ WAS ONI..Y ON&
STUDr;NT WITJ.l J.l~IGJ.lT 16 INtJ.l~S.

\~

206

65

o
e:D~ Of •.••..•.
fg~DIt.lI0tJ 0 •••••••
1~-rel<VAI..~ •••••••••••••• 0 0 0

.>: 0 0
........'8 0 0

................... 0 080 0

9--.:......./ 00\; ..~...>
€I 0 d...\,'
o ...g........... CONF IO(;MCe r",rf"RvAL.

o »>" 'fuR "THe:- M.~~N
...........~ .

60

50

100

200

250

.....

.c:

.~ 150
s:

TJ.l~ '''li~RVAI..S AR~ PRmY T~RRI81..~! WJ.lAi'S TJ.l~ PR081..~? TJ.l~R~ AR~

TWO PR081..~S, ACTUAI..I..Y:

. H~IGJ.lT AI..ON~ IS NOT A V~RY GOOD
PR~DlcrOR OF W~IGJ.lT.

--:-="""~=··T-\o\-E-Rl:-~-T-I\-f:"""1
EffecT of

~ '0 ~~ MJ1)
G~~TJ(S .. ,...

)



•• •

ANY PATTeNN INDllATr;~ A
Dr;FIN/Tf; PR08!.bN1 WITI-l TI-lr;
MODr;!. A~~IJMPTION~.

ia noslics

11&

•• 11&• • • -• • "I
@II •• •

•e resslon

TI-t~ SIMPI..~ST PRot~DUR~ IS TO PI..OT TI-t~ RE~/fJIJAL~ ei AGoAINST TI-t~

PREfJlCTOR Y.i' R~~g~R. TI-t~ ~RROR G IS ASSUM~D TO g~ It-.lD~P~ND~NT

OF ;to

FITTING> A toMPI..~X MOD~1.. TO DATA tAN $OM~IM~S OgStUR~ MANY
DIFFltUI..TI~S. W~ US~ R~G>R~SSION DIAGoNO$Tlt PROt~DUR~S TO UNtOY~R ANY
WRKING> ~STY SURPRIS~S.

e

A NANPO," ~lATn;RP!.OT INDllAn;~

TI-lAT TI-lr; MODr;!. A~~IJMPTION~
ARr; PR08A8!.Y OK.

A TYPltAl.. WRKIt-.lG>
NASTY SURPRIS~ (Wl-tltl-t
~XISTS IN TI-t~

1-t~1G>I-tTIW~IG>I-IT DATA)
IS TI-IAT r;RRORS AR~

IIGTGRO~&Gf)A~TI&: I.~.•
nu; SPRr;A1:1 OF e
It-.I'R~S~S AS Y.
INtR~Sr;S.

0+---,..,;....----

AND TR~T ;t AND ;t2 AS
INDr;p~ND~NT YARIAgl..~S IN A
I..lt-.I~R MOD~I...

$OM~IM~S DATA OgYIOUSI..Y
FIT A NON-LINEAR tURV~.

STATISTltlANS I-tAY~ A gAG> OF
TRltKS FOR USING> LINEAR
R~G>R~$$ION T~tI-tNIQU~S FOR
NON-I..IN~ PROgl..~S. TI-t~

SIMPI..~ST OF TI-t~S~ IS TO
WRIT~ Y AS A POLYNOMIAL

1.0

209

x

0.50.0

0.0

o

0.5

1.0

on-linear•re resslon

FOR ~XAMPI..~, W~IG>I-tT IS
D~~RMIN~D gy A NUMg~R

OF FAtTORS OTI-t~R TI-tAN
1-t~1G>I-tT: AG>~, S~X. DI~. WDY
TYP~. ~t.

MATRIX AI..Go~gRA AND A tOMPIJT~R tOMgIN~ TO MAK~ sutl-t PROgl..~S ~A$Y

TO ANAI..Yl~.

ulli Ie linear•re resslon
W~ tAN us~ nt~ SAM~ gASlt
ID~A$ TO ANAI..Yl~

R~I..ATIONSI-tIP$ gl;TW~~N A
D~P~ND~NT YARIAgl..~ AND
~EVERAL IND~P~ND~NT

YARIAgl..~S:
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• Chapter 12.

CL 51

THE BASIC PRINtIP~r;s, TOOlS, AN\7
tA~tUUTIONS rovr;Rr;\7 IN THIS SOOK tAN

sr; r;XTr;N\7r;\7 TO so~vr; MORr; tOMP~r;x

PROB~r;MS. J.lr;Rr;'S A 81A~bf) ~MtPLb OF
MORr; AL?VANtr;\7 STATISTltA~ Mr;TJ.lO\7S1

2.10

([l

IN nils tJ.lAPn;R, wr;
J.lAVr; SUMMARIZr;L?
TJ.lr; BASIt IL?r;AS AN\7
Tr;tHNIQUr;S OF
Rr;6-Rr;SSION
ANA~YSIS, TJ.lr; STUDY
OF STATISTltA~

Rr;UTIONSJ.lIPS
Br;TWr;r;N VARIAB~r;s.

TJ.lIS tONtW\7r;S OUR
\7r;TAI~r;L? \71StUSSION
OF BASIt STATISTltA~

Mr;TJ.lO\7S. IN OUR
FINA~ tJ.lAPTr;R, wr;'~~

BRlr;F~Y Rr;vlr;w A
Fr;w Rr;MAININ6­
TOPItS AN\7 Issur;s.



-
C.OVL.,/lJ'-r VIlE flMD
$OME It>EAl\STt(
MO~'iY ·6*t\'Bl3tR<)?

Factor analysis
$"KS TO ~)(Pf..AIN I-IIGH­
DIM~NSIONAf.. DATA WITI-I A
SMALf..~R NUMB~R OF
VARIABf..~S. A PSYll-IOl..OGlST
MAY GIV~ A T~ST WITI-I 100
QU~STIONS. Wl-Ill~ S~C:RGTf..Y

ASSUMING TI-IAT TH~

ANSW~RS D~P~ND ON ONLY
A F~ FACTOR~:

~)(TROV'RSION.

AUTHORITARIANISM. Af..TRUISM.
bTl. "I-I~ ,.I;$T R~SUf..TS

WOUlD TI-I~N BI; $UMN\ARIZ~D

USIN~ ONLY A F~
toMPOSIT~ SlORI;S IN
TI-IOS' DIM~NSIONS.

Discriminant ana sis
IS TI-l~ R"'~RS' PRot~SS. FOR ~XAMPf..~. A tof..f..~G~ ADMISSIONS OFFll~ MIGI-IT
f..IK~ TO FIND DATA GIVING ADVANl~ WARNING WHGTH~R AN APPf..llANT Wlf..f.. (;.0

ON TO B~ A ~iJCCE~~FiJL ~Af)iJATE (DONAT~S H~VIf..Y TO TI-I~ Af..UMNI FUND)
OR AN iJN~iJCCE~~FiJL ON' (~$ OUT TO DO (;.0017 IN TI-I~ WORf..D AND IS
N"'~R H(;ARD FROM AGAIN).

\ ? .

;t -::::. ~Y~BROW SL.ANT

11 -::::.~Y~ SIZ~

Z -::::. NO$~ f..~NGTI-l

t -::::. MOUTI-I f..~NGTI-l

j3 -::::. FAl~ I-I~IMIT

GTl...

AN ASSORTM~NT OF MULTIVARIATI; MOD~f..S 1-II;f..P TO ANAf..YZI; AND DISPf..AY
n-DIM~NSIONAL. DATA. $OM~ MUf..TIVARIAT~ T~C:I-INIQU'S:

Cluster analysis
S~~KS TO DIVID~ TI-I~

POPUL.ATION INTO
I-IOMOG~N~OUS SUBGROUPS.
FOR ~XAMPL.'. BY ANAf..YZING
C:ONGRI;SSIONAf.. VOTING
PATT~RNS, W~ FIND TI-IAT
R~PR~SI;NTATIV~S FROM Tj.l~

~OiJT# AND WE~T FORM TWO
DISTINtT C:f..UST~RS.

W~ SAW HOW TO DI$PL.AY ONE VARIABI..~ WITH A DOT PL.OT AND TWO
VARIABL.~S USING A SlATT~RPL.or-BUT HOW DO W~ GRAPl-IllAL.L.Y DISPL.AY
MORE T#AN TWO VARIAgL.~S ON A Fl.-AT PAG~? AMONG Tj.l~ MANY
PO$Slglf..ITI~S. A lARTOON GUID~ I-IM TO M~NTION #ERIMN C#ERNOFF/~

SIMPf..~ ID~: USING TI-I~ I-IUMAN FAl~, ASSIGN ~Alj.l F~TUR~ TO A VARIABf..~

AND DRAW TI-I~ R~SUf..TIN(; CJlERNOFF FACE~:

Statistical analysis of
LTI I E



Z1'J

Resampllng
~M(;TIM~'S, 'STANDARD ~RROR'S AND WNFID~NC~ L.IMIT'S AR~ IMPO'S'SIBI.~ TO
FIND. ENT~R RE~MiPLlNG, A T~CI-INIQUj; TI-IAT TRr;AT'S TI-l~ 'SAMPI.~ A~ TJ.lOUGJ.I
IT WERE TUE POPULATION. TI-I~'S~ T~CI-lNIQU~'S GO BY 'SUCH NAM~'S A'S
RANf?OMIZATION, JACKKNIFE, AND ,oor~TRAPPING.

W~'V~ AL.Rr;ADY 'S~~N I-lOW TI-I~ COMPUTER I-l~L.P'S WITI-l ANAL.Y'SI'S AND
ARITI-lM(;fIC. TI-l~R~ AR~ AL.'SO 'SOM~ 'STATI'STltAL. IDr;A'S TI-lAT OW~ TI-l~IR V~RY

EX/~TENCE TO TI-l~ COMPIJT~R:

Image analysis
A COMPIJT~R IMAG~ MIGI-lT WN'SI'ST OF 1000 BY 1000 PIX~L.'S, WITI-l ~Atl-l DATA
POINT R~PR~'S~NT~D FROM A RANG~ OF 16.7 MIL.L.ION COL.OR'S AT ANY PIX~L..
~TATI'ST/CAL. IMAG~ ANAL.Y'SI'S 'S~~K'S TO ~XTRAtT MGANING FROM "INFORMATION"

I.IK~ TI-II'S.

••

, . . I·.me series ana YSls DGAL.'S WITI-I DATA 'S(;T'S, WI-I IC 1-1 ,

L./K~ TI-I~ RANDOM WAL.K, ACCUMULATE OVER TIME: L.OtAL. AND GL.OBAL.
T~P~RATUR~'S, TI-I~ PR/C~ OF OIL., (;TC. IN TIME ~ERIE~ ANALY~/~, RANDOM
MOD~L.'S AR~ U'S~D TO FOR~tA'ST FIJTUR~ VAW~'S.

TI-I~R~ I'S AL.'SO MOR~ TO

ILl
Random walks B~GIN W/TI-I

A COIN FL.IP. 'SUPPO'S~ yOU MOV~ AI-lr;AD
ON~ 'ST~P FOR A I-lGAD AND BACK ON~ 'ST~P

FOR A TAIL.. (U'SING TWO COIN'S, yOU CAN
DO TI-II'S IN TWO D/M~N'SION'S.) R~Pr;AT~D

FL.IP'S PRODUC~ A 'STOCI-I~6Tlt PROC~'S'S

CAL.L.~D A RANf?OM WALK. RANDOM WAL.K
MOD~L.'S AR~ U'S~D IN ~TOCK OPTION
TRAf?ING AND PORTFOLIO MANAGGMENT.
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IF YOU 6>RAPI-lj;17 Tl-lj; Mj;AN
MASS OF RAT .I7ROPPIN6>S
UNI7j;R STATISTltlANS'
FIN6>j;RNAII..S OVj;R TIMj;, IT
WOUI..I7 PI?O'A'LY I..OOK
SOMj;TI-IIN6> I..IKj; TI-IIS:

MOI7j;RN STATISTltIANS, WITI-I TI-lj;IR COMPl)Tj;RS, I7ATA8ASj;S, ANI7 WVj;RNMj;NT
6>RANTS, I-IAVj; I..OST SOMj; OF TI-IIS I-IANI7S-0NATTITUI7j;.

$j;j;MIN6>I..Y SMAI..I.. j;RRORS IN
SAMPI..IN6>, Mj;ASURj;Mj;NT, ANI7 I7ATA
Rj;CORI7IN6> tAN PI..AY I-IAVOt WITI-I ANY
ANAI..YSIS. I? A. F'~UEI?, 6>j;Nj;TltIST
ANI7 FOUNI7j;R OF MOI7j;RN STATISTltS,
NOT ONI..Y I7j;SI6>Nj;17 ANI7 ANAI..YZj;17
ANIMAl.. 8Rj;j;I7IN6> j;XPj;RIMj;NTS, I-Ij;
AI..SO CLEANEP TUE CA6E~ ANI7
TENPEP TUE AN'IML~, 8j;tAUSj; I-Ij;
KNj;W TI-IAT Tl-lj; I..OSS OF AN ANIMAl..
WOUI..I7 INFWj;Ntj; I-IIS Rj;SUI..TS.

216

0.6 0.7 0.8 0.9
Bootstrapped Correlations

0.5

resampllng (cont'd)
TO 170 Rj;SAMPI..IN6>, Tl-lj; tOMPUTj;R

*Rj;SAMPI..j;S Tl-lj; SAMPI..j;

*tOMPl)Tj;S Tl-lj; j;STIMATj;
FOR Tl-lj; Rj;SAMPI..j;

*Rj;Pj;ATS Tl-lj; FIRST TWO
STj;PS MANY TIMj;S, FINI7/N6>
Tl-lj; SPRj;A17 OF Tl-lj;
Rj;SAMPI..j;17 j;STIMATj;S.

Rj;Mj;M8j;R Tl-lj; tORRj;I..ATION tOj;FFlt/j;NT Y OF Tl-lj; 92 1-1 j;16>I-IT-Wj;I6>I-IT PAIRS
OF CI-IAPTj;R 11? WI-IAT'S Tl-lj; ~TANPAI?P EI?I?OI? OFY? Tl-lj; COMPUTj;R TAKj;S
'tOO 800TSTRAP SAMPI..j;S FROM Tl-lj; 9't I7ATA POINTS, tOMPUTj;S r j;ACI-I TIMj;,
ANI7 PI..OTS A I-IIST06>RAM OF Tl-lj; r VAWj;S.



wsu, TI-IAT'S IT! BY NOW, YOU SI-IOUL.17 BG ABL.r; TO 170
ANYTI-IING WITH STATISTICS, GXCGPT LIE, CJ.lEAT, ~TGAL,

ANI7 GA/IIBLG.

219219

COllllllunication

Innovation
fl.U; BGST SOL.UTIONS ARG NOT AL.WAYS IN THG BOOK! FOR GXAMPL.G, A
COMPANY HIRGI7 TO GSTIMATG THG COMPOSITION OF A GA/UJAGE !?{)/IIP WAS
FACGI7 Wlil-! SOMG INiGRGSTING PROBL.r;MS NOT FOUNI7 IN YOUR STANI7ARI7
TGXT...

BRIL.L.IANT ANAL.YSIS IS WORTI-!L.GSS UNL.GSS THG RGSUL.TS ARG CL.GARL.Y
COMMUNICATGI7 IN PL.AIN L.ANGUAGG, INCWI7ING TI-IG I7GGRGG OF STATISTICAL.
UNCGRTAINiY IN TI-IG CONCWSIONS. FOR INSTANCG, TI-IG MGI7IA NOW MORG
RGGUL.ARL.Y RGPORT TI-IG MARGIN OF GRRORS IN TI-IGIR POL.L.ING RGSUL.TS.

IN OUR COMPL.GX SOClffi, TI-!G SOWTION TO MANY PROBL.r;MS RGQUIRGS A
TEA/II EFFOIn". ENGINGGRS, STATISTICIANS, ANI7 ASSr;MBL.Y L.ING WORKGRS ARG
COOPGRATING TO IMPROVG TI-IG QUAL.liY OF TI-IGIR PROI7UiTS. BIOSTATISTICIANS,
170CTORS, ANI7 AII7$ ACTIVISTS ARG NOW WORKING TOGGTI-IGR TO I7GSIGN
CL.INICAL. TRIAL.S TO MORG RAPII7L.Y GVAWATG TI-IGRAPIGS.



J"AFFG. A.:J. ANI7 ~PIRGR, HGR8GRT F. /ri/~U#;IJ

~TAT/~TIC~: ~TRAIGIIT TALK FOR TW/~TGIJ

NU/riBGR~, 1991. NI;W YORK. MARtGL I7GtKGR.
PART OF A GOOI7 POPULAR ~GRIG~ ON
~TATI~Tlt~.

ORKIN, MIKE, CAN YOU WIN?, 1991. NI;W YORK,
W.H. FRGbMAN. ADVltG FROM AN GXPGRT ON
PR08A81LITY ANI7 GAMBLING.

HUFF. DARRGLL, IIOW TO LlG WITII
~TAT/~TIC~, WITH PICTURG~ 8Y IRVING GGI~.

NGW YORK, 19')4. W.W. NORTON, tHGAP ANI7
~TILL IN PRINT!

M'GGRVGY, J"OHN D., PROBA6ILlTIG~ IN GVGRY
IJAY LIFE, 1999. N.Y., IVY BooK~. GAM8LING
FROM 8\.AtKJAtK TO ~MOKING.

12.(

HOW TO LlG, CllbAT, ANIJ 6AMBU;' YOUR ~AINTLY AUTHOR~ HAVG LITTLG GXPGRIGNtG IN
THG~G FIGLI7~. HGRG I~ ~OMG ADVltG FROM THG PR~:

FOR THG ~TRUGGLING ~TUI7GNT:

f'YRtZAK. FRGI7, ~TAT"TIC~ WITII A ~GN~E OF
IIUMOR,1999. L~ ANGGLG~. FRGI7 f'YRtZAK
PU8LI~HGR. AN GLGMENTARY WORK8ooK ANI7
GUII7G TO ~TATI~TltAL PR08LbM ~LVING

FOR THE ~TUI7ENT:

MOORE. I7AVII7 ~.• ~TAT/~TIC~: CONCGPT~ ANIJ
CONTROVGR~/G~, 1991. NI;W YORK. W. H. FREbMAN.
EMPHA~IZE~ II7EA~. RATHER THAN MEtHANlt~.

FREEI7MAN. DAVII7. PI~A"". R08ERT, ANI7 PURVE~.

ROGER, ~TAT/~TIC~, 1991. NI;W YORK. W.W.
NORTON.

MOORE, DAVII7 ~. ANI7 M'CA8E. GEORGE P.•
INTHOIJUCTION TO TIIG PRACTICE OF
~TAT/~TIC~, 1999. NI;W YORK. W.H. FRGEMAN.

~MITH. GARY. ~TAT/~TICAL RbA~ONING, 1990.
BO~TON. ALLYN ANI7 BAtON. INt. MORE TGtHNltAL.
EMPHA~IZING EtONOMlt~ ANI7 8U~ING~~. BUT HM
EXAMPLE~ FROM ALL OVER.

THE~E TEXT~ ARE tURRENT. tORRECT. LITERATE, ANI7 WITTY. BE~II7G~ THG ONG~ WG tITG.
THGRG ARG HUNI7RGI7~ OF TGXT8ooK~ OUT THGRG. ANI7 WG WOULI7 RATG M~T M AT
LGA~T AUGPTA8LG.

220



TH/;R{; AR{; MANY I-lIGI-l QUAI.ITY ?OFlWAR{; PAtKAG{;~
AVAILABI./; FOR TI-l/; P/;R?ONAI. COMPUT{;R, INtWD/NG:

5M ($AS IN~TITUT{; INt, CARY, NC), 5P55 (SPSS INt,
Cl-lltAGO. II.). AND BMIJP (BMDP STAT/?TltAI. ?OFTWAR/;.
INt.• LO~ ANG{;I./;~, CA) W/;R{; ORIG/NAL.I.Y D{;?IGN{;D FOR
MAINFRAM/; ~Y~TbM~ AND NOW HAV/; MIGRAT{;D TO TI-l{; PC.
tOMPl.bT/; W/TI-l W/NDOW~.

5TATGRAPUIC5 (STAT/~T/CAI. GRAPI-llt~ CORP. PR/NtbTON.
"'.J), FOR TI-I/; PC.

5TATVlIiW (ABAtU~ CONC{;PT~, OAKLAND CA) FOR TH{;
MAt/NTO$H.

5Y5TAT (SY?TAT. INC.• EVAN~TON II.) HA? ?Y?TbM? THAT
RUN IN AI.1. {;NVIRONM{;NT?

IJATAIJli5K (DATA D{;?tRIPTION, ITI-lAtA, NY). FOR TI-I/;
IMtlNTO$I-l

TI-I/;?/; PAtKAG{;? D/FF{;R IN IMPORTANT DbTAII.?; YOU N{;/;D TO B{; A ~MART ,J..IOPP{;R.
W{; RI;COMM{;ND tl-lOO$ING A ?Y?TbM TI-IAT YOUR tOl.l.r;AGU{;? I-IAV{; AI.R{;ADY T{;~T{;D.
FbW OF U? AR{; tUT OUT TO B{; ~TATI?TltAL. ?OFTWAR{; P/ON{;{;R~. WI-I{;N I.{;ARNING A
NbW ~Y?T{;M, {;XP{;RIM{;NT WITI-I ?MAI.L., FAMII.IAR DATA ?bT? R{;M{;MB{;R, TUG M05T
IiXP{iN~IVG PART of ANY ~FTWARG 15 YOUR TIM{;. TI-I{; tARTooN RUL.{; FOR
L{;ARNING ?TATI?TltAl. tOMPUTING I?: FAMII.IARITY BR{;{;D? RI;?UI.T?

TRYING TO L{;ARN ~TATI~TltAl. TUIiORY AND
?TATI?TltAL. COIAPlJTING AT TI-I{; ~AM{; TIM{; I?
A I.ITTL{; LIK{; TRYING TO WALK AND CUIiW
GUM AT TI-I{; ~AM{; TIM{;. DIFF{;R{;NT ?KII.I.? AND
TI-IOUGJ..IT PROt.:{;??{;? AR{; INVOI.V{;D IN GAtl-l.
SbT A?IDI; ?{;PARAT{; TIM{;? TO I.GARN TI-II;?{;
?UBJ{;tT? TI-I{;N BRING TI-I{;M TOGbTI-I{;R. IN
TJ..II~ WAY. YOU CAN BbtOM{; A CUIiWING,
WALKING, COMPUTING, R{iNA/~~ANCIi
5TAT/~TICIAN!

RYAN. BARBARA• .JOINGR. BRIAN, AND RYAN. TI-IOMM.
MINITAB UANPBOOK, (PWS-KGNT. BO?TON. 1ge?) AND
TUG 5TlJIJliNT IiIJITION OF MINITAB (ADDI?ON
WG?I.GY) ARG FA?T, IN{;XPGN?IVG INTRODUtTION? TO
?TATI?TICAI. COMPUTING. MINITAB RUN? ON MAIN­
FRAMG? PC COMPATIBI.{;?, AND MAtINTO$H COMPUTGR?

STATI?TltAL. ?OFTWARr;:

IN TI-II? BOOK WG U?{;D THG MINITAB ?TAT/?TltAI. ?OFTWAR{; ?Y?T{;M (MINITAB INt.,
STAT{; COI.I.{;/?{;, PA). TI-l{; P{;NN STAT{; ~TUDGNT 1-l{;IGI-IT AND W{;IGI-lT DATA I? FROM TH{;
PlJL~1i DATA ?bT ON TI-lI~ ?Y~T{;M. COMPUT{;R GRAPI-llt? W{;R{; G{;N{;RAT{;D BY 5-PLU5
(STATI?TltAl.. SClbNcr;? INt.. SGAlTU; WA), ON A 496 PC CI..ONG. 5 I? ?OPHI?TltATlOD ?OFTWARlO,
D!OV/;I..OP/;D BY AnT B/;1..1.. !.AB? FOR ADVANtlOD ANAI..Y?I? AND GRAPHltAl.. DI?P!.AY?

GRAPl-lltAL. DI~PLAY OF DATA:

TUFT{;. EDWARD R.. TUG VI5UAL IJI~PLAY OF
QIJANTITATIVG INFORMATION, 19£13. CI-I{;~H/R{;.

CONN{;tTICUT, GRAPl-llt, PR{;~~.

TUFT{;, EDWARD R.• GNVI510NING INFORMATION, 1990,
CI-I{;~H/RG. CONN{;tTICUT. GRAPl-llt~ PR{;~~. TI-I{;
I-II~TORY. ART AND ?tl{;Nt{; OF GRAPI-IIC~. BOTI-I
BOOK? AR{; CLA??lt?

CL.GVGLAND. WII.LIAM S.. TUG GLGMGNT5 OF GRAPUING
IJATA, 1ge? PAC/Flt GROV{; CA, WAD?WORTI-I ADVANt{;D
BooK~ AND ?OFTWAR{;. D{;?IGN PR/NtlPI.{;? FOR
COMPUT{;R GRAPl-llt?

2.22.

IN CI-IAPT{;R 9. TH{; NONJUDltlAI. tOMM{;NT ON POK{;R FROM TH{; B{;Ntl-l WA~ FROM AN
ACTUAl. tM{;. WG ARG A~?URGD IN A PGR?ONAI.. COMMUNICATION FROM DR. .JOI-IN Db CANI
UNIV{;R~ITY OF P{;NN~YI.VANIA. '

ST{;{;RING COMMITT{;{; OF TI-I{; PI-IY~ltlAN~' HGAI.THY
STUDY R~~{;ARtl-l GROUP. "ANAL RGPORT ON TNG
MPIRIN COMPONGNT of TUG ONGOING PNY51ClAN5'
NGALTNY 5TUIJY,n TUGNGWGNG-LAN/? JOURNAL OF
MG/?/C/Nt;, VOl.. 321, PP. 129-13?

LAW AND ?OCII;TY~

GMTWIRTI-I • .JO${;PI-I I..• 5TAT/~TICAL RI;MONING IN
LAW ANIJ POLICY, VOL. 1 It :2, 19£1£1. SAN DI{;GO.
ACAD{;MIC PR{;~~. TI-I{; I./;bAI. NITTY GRITTY. INCWDING
JURY ~{;I.{;CTION tA~{;~ I.IK{; TI-I{; ON{; TI-IAT B~GAN

CI-IAPT{;R 9.

BOX• .JOAN FI?H{;R. R. A. F/~NGR, TUG LlFIi OF A
5CIIiNTI5T, 1979. NbW YORK. Wll.bY. BIOGRAPHY, BY 1-11,
DAUGI-ITGR. OF TI-I{; MO$T INFW{;NTIAI. AND CONTROV{;R?IAI.
F/GUR{; OF 20TH C{;NTURY ?TATI?Tlt?

KRU?KAI.. WII.I.IAM. "TUIi 51GNIFlCANCIi OF FI5NGR: A
RGVIIiW OF R.J.. FI'$UGR: TJlIi LlFG OF A 5CIIiNT/~T"

1990. JOlJRNAL OF TUIi AMGR/CAN 5TAT/~TlCAL M~OC/AT/ON,

VOl. 7? 10'30. SbT? TI-I{; FI?I-I{;R BI06RAPI-IY IN P{;R?P{;tT/V{;
AND I-IA? {;Xt'.:{;L.I.{;NT BIBI.I06RAPI-IY.

HI?TORY:

DAVID. F. N., GAMG5, G01J5 AN/? GAMBLING, 1962, NbW
YORK. HAFN{;R. NbW YORK.

STIGL{;R. ST{;PI-I{;N 111.. TUG UI5TORY OF 5TATI5TIC5: TUG
IAGA5IJRGMliNT OF IJNCIiRTAINTY BGFORG 1900, 1ge?
CAMBRIDG{;. 1M. B{;I.KNAP PR{;?? OF HARVARD UN/VI;R?ITY
PRG??



Acceptance sampling, 150
Addition rule for events, 38-39, 42, 44
Alternate hypothesis (Ha), 140-141, 147-149,

152-153, 165-166. See also Hypothesis
testing

left-handed, 144-145
relevant, 144-145
right-handed, 144-145
two-handed, 144-145

Analysis of variance. See ANOVA
ANOVA(ana1ysisofvariance), 186, 193-195,

table, 194
Approximate probability, 60
Approximation

binomial, 79-81, 86-88
continuous, 87-88
normal, 87-88

Archery lessons, confidence intervalsand, 116-124
Area under the curve, 64-66
Arrays, 14-15
Aspirin clinical trials, 160-167. See also Two

populations compared
Astralagi, 28
Average salary comparison, 168-169.

See also Two populations compared
Average squared distance, 22
Average value, 15-17

standard deviations from, 22, 24-25,168,171

Bar graphs, 11
Bayes, Joe, 46-50
Bayes, Rev. Thomas, 46-50
Bayesian, 35
Bayes Theorem, 46-50
Bernoulli, James, 79
Bernoulli trial, 74-75, 78

sampling size and, 98-100
Best linear unbiased estimators (BLUE), in

regression analysis, 201-202
Beta (probability of type Il error), 151-155
Bias

in polls, 126-127
reducing natural, with paired comparison, 178
in simple random sampling, steps to eliminate,

167

Binomial approximation, 79-81, 86-88
Binomial coefficient, 76

multiplication rule and, 76
Pascal's triangle and, 77

Binomial distribution, 77,81,83,86,88
asymmetrical, 82
calculating, for large values, 79-80
continuous density function and, 79-80
mean of, 78
standard normals and, 82
variance of, 78

Binomial distribution table, 78
Binomial probability distribution, 77-78
Binomial random variables, 74-76, 139-140
Blocks

complete randomized, 184-185
in experimental design, 183-184

BLUE (best linear unbiased estimators), in
regression analysis, 201-202

Bootstrapping, 215-216
Box and whiskers plot, 21
Brass tacks, 98-103

Categorical statements, 2
Central limit theorem, 106, 128, 169

fuzzy, 83-88
problems with, 107

Central value, 14. See also Spread
mean, 15-16
median, 17-18

Challenger (space shuttle), 3
Chameleon Motors

comparing small sample means, 170-171
confidence intervals, 134-135
hypothesis testing for, 149-150

Chernoff, Herman, 212
Classical probability, 35
Claudius I, 28
Cluster analysis, 212
Cluster sampling design, 95
Coin toss, 32, 54-55, 58, 60-62, 68-70
Communication, 218
Comparing failure rates, 160-163
Comparing small sample means, 170-171
Comparing success rates, 160-163

Comparing two populations. See Two
populations compared

Comparison of average salaries, 168-169
Comparisons, paired, 174-178
Complete randomized block, 184-185
Computer image analysis, 215
Computer resampling, 215-216
Conditional probability, 40-41

false positive paradox and, 46-50
multiplication rule and, 42-44

Confidence interval levels
decision theory and, 152-153
measuring, 122-123

Confidence intervals, 112-136
computer simulation of, for samples, 120
errorlevels and, 124-127
estimating, 114-127
increasing levels of, 121-125
margin of error and, 119, 121
in paired comparisons, 176
population means and, 128-130, 169
population proportion and, 128-130
probability calculation and, 117-119
random sampling used for, 114-115, 119
in regression analysis, 203-206
sample means and, 130, 171
standard deviation in, 117, 128-130
standard error in, 118, 128-130
Student's t based, 131-136
for success rates, 164
table for levels, 122-123

Continuity correction, 87-88
Continuous densities, properties of, 66-67
Continuous density function, binomial distribu-

tion and, 79-80
Continuous probabilities, 64
Continuous random variables, 63

mean of, 67
probability density of, 65
variance of, 67

Correlation, squared, in regression analysis, 195
Correlation coefficient, in regression analysis,

196
Cumulative probability, 84
Curve, area under the, 64-66

Data
multivariate, statistical analysis of, 212-213
order of, 17
paired and unpaired compared, 177-178
properties of, 59
rigged, in regression analysis, 189, 192,

194-195,205-207
spread of, in regression analysis, 190-195

Data analysis, 4
Data description, 8-26
Data display, 212

Data points, 11-12, 14-15
average, 17
middle, 17

Data quality, 217
Data summary, 12
Death rate, 13
Decision table, two-by-two, 152
Decision theory, hypothesis testing, 151-155
Deductive reasoning, 113
Degrees of freedom, 131-135

in comparing small sample means, 171
hypothesis testing and, 149-150

de Mere, Chevalier, 28-29, 75, 78
de Moivre, Abraham, 79-83, 86-88, 101
Dependent random variable, in regression

analysis, 199-209
Dependent variable, in regression analysis, 189
Dice, 28-45

loaded, 33
Discrete probabilities, 64, 66
Discrete random variables, 63
Discriminate analysis, 213
Dot plots, 9

two-dimensional, 188

Election polls, 114-127
hypothesis testing in, 143-145

Elementary outcomes, 30, 32-38
Error levels, confidence intervals and, 124-127
Errors

heteroscedastic, 209
margin of, confidence intervals and, 119, 121
measurement, experimental design and, 183
random error fluctuations, 199-209
standard. See Standard error (SE)
sum of squared (SSE), in regression analysis,

190-195
type I, 151-154
type II, 151-154

Estimates, 102-103, 107
Estimating confidence intervals, 114-127
Estimators, 102-103

best linear unbiased (BLUE), in regression
analysis, 201-202

in comparing the means of two populations,
168-169

Events
addition rule for, 38-39,42, 44
mutually exclusive, 39,42, 44
probability of, 35-37
repeatable, 35
rules for outcomes of, 38-39
subtraction rule for, 39,44

Expected value, 61
Experiment

random, 30, 32, 34,36
sampling and, 98-100, 104-105



Nonnal approximation, 87-88
Normal distribution, standard, 79-85

rule for computing, 85
table to find, 84-85

Null hypothesis (Ho)' 140-141, 144-145,
147_150,152-153,165-166. See also

Hypothesis testing
Numerical outcome, sampling and, 98-100,

104-105
Numerical weight, 32

Experiment (continued)
weight, 9-12, 16, 18-26

r~gression, 188-209. See also Regression
Expenmental design

basic principles, 183
blocks in, 183-184
elements of, 182-183
four-by-four table in, 184-185
Latin square in, 184-185
local control in, 183
measurement error and, 183
natural variability and, 183-185
randomization in, 183, 185
replication in, 183, 185
total variability and, 186

Experimental treatments, 182-183
Experimental units, 182-183

Factor analysis, 213
Failure rates, comparing, for two populations

160-163 '
False positive paradox, 46-50
Fermat, Pierre de, 28-45
Fisher, R. A., 217
F!tting pro~ess, in regression analysis, 189-196
FIxed significance level, in hypothesis testinz

141-142,145 ""
Four-by-four table, in experimental design

184-185 '
Frequency, relative, 10-11,35,57-58,60
Frequency histograms, 11,57-58
Frequency tables, intervals in, 10-11

Gallup Poll, 127
Gambling, 27-45
Gasoline comparisons, 172...:173

experiment design and, 182-186
paired comparisons of, 174-178

Gosset, William, 108-109, 131-132
Graphic display, 13
Graphs

bar, 11
histograms. See Histograms
probability distribution, 56-58

(Ha). See Alternate hypothesis
H~teroscedastic errors, 209
HIstograms, 13

frequency, 57
probability, 56-58
relative frequency, 11,57-58
spread measured in, 19
symmetrical, 24-25, 77

Hite, Shere, 97
Holmes, Sherlock, 113-130
Ho (null hypotheses), 140-141, 144-145,

147-150,152-153, 165-166. See also

226

Hypothesis testinz
Hypotheses. See also Hy~othesis testing

alternate (Ha), 140-141, 147-149, 152-153
165-166 '

left-handed, 144-145
relevant, 144-145
right-handed,144-145
two-handed,144-145

null (Ho)' 140-141,144-145, 147-150,
152-153, 165-166

Hypothesis testing, 138-139
decision theory, 151-155
d.egrees offreedom and, 149-150
fixed significance level in, 141-142, 145
large sample

for population mean, 146-148
. si~nificance test for proportions, 143-145
in paired comparisons, 176
popula~i?n mean and, 146-148, 169
probabIlIty statement in, 141-142
in regression analysis, 207
statistical, 140-142

Iguana autos, 170-171
Increments, 9
Independence, 71, 74

simp.le random sampling and, 92-94, 96
special multiplication rule and, 43-44

Independent mechanisms, 71
Independent variable, in regression analysis

189,199-209 '
Inductive reasoning, 113
Innovation, 218
Inspection sampling, significance test used in

146-148 '
Integral, 66-67
Interquartile range (IQR), spread measured in

20-21 '
Intervals

confidence. See Confidence intervals in a
frequency table, 10-11

IQR (interquartile range), spread measured in
20-21 '

Jackknife, 215-216
Jury selection, racial bias in, 138-141

Large sample hypothesis testing
for population mean, 146-148
significance test for proportions, 143-145

Large values, calculating binomial distribution
for, 79-80 .

Latin square, in experimental design 184-185
Least squares line, 189-190,208 '
L~ft-handed alternate hypothesis, 144-145
Lmear regression, in regression analysis

189-190,208 '

Local control, in experimental design, 183

Logical operations, 37

Margin of error, confidence intervals and, 119, 121

Mean, 15-16, 18
of binomial distribution, 78
central, 15-16
comparing small sample, 170-171
confidence intervals and, 128-130, 169,171
large sample test for, 146-148
in paired comparisons, 175-176
population, 59, 62, 80

confidence intervals and, 128-130, 169
hypothesis testing and, 146-148

of probability distribution, 60-61
of random variables, 61, 67-69

sample
comparing small, 170-171
confidence intervals and, 130, 171
distribution of, 104-106, 171
hypothesis testing for, 146-148

standard deviation from, 22, 24-25, 62, 168,

171
Mean response, predicting, in regression

analysis, 204-206
Measurement error, experimental design and, 183

Measures of spread, 19-25
Median, 17-18,20-21
Midpoints, 10-11
Model properties, 59
Models

regression, 199-202
stochastic random, 116-118
for two populations, 162

Monitoring programs
power analysis in, 154-155
probability of type II errors in, 151-155

Mortality statistics, 13
Multiple linear regression, in regression

analysis, 208
Multiplication rule, 45

binomial coefficient and, 76
conditional probability and, 42-44

Multivariate data, statistical analysis of

cluster, 212
discriminate, 213
factor, 213

mu. See population mean
Mutually exclusive events, 39, 42, 44

Natural bias, reducing, with paired comparison,

178
Natural variability

experimental design and, 183-185
reducing, with paired comparison, 178

Nightingale, Florence, 13
Non-linear regression, in regression analysis, 208

Objectivist, 35
Observed value of t, 149-150
Observed value of z,hypothesis testing and,

144-145, 165-166, 169
Opportunity sampling, 97
Opportunity sampling design, 97
Order of data, 17
Outcomes

elementary, 30, 32-38,41
of events, rules for, 38-39
numerical, sampling and, 98-100, 104-105

Outliers, 18,21-23

Paired comparisons
of gasolines, 174-178
means in, 175-176
paired and unpaired data compared, 177-178
small-sample t test statistic for, 176
standard deviation in, 175-176

Pascal, Blaise, 29
Pascal's triangle, 77
Personal probability, 35

Polls
bias in, 126-127
election, 114-127
error levels in, 124-127
Gallup, 127
hypothesis testing in, 143-145
as opposed to actual elections, 126~127

Pollution monitoring, probability of type II
errors in, 151-155

Pool the sum of squares
in comparing small sample means, 171

population. See also Two populations compared

properties, 59
proportion, 128-130
standard deviation, 59, 62, 80

population mean, 59, 62, 80. See also Two
populations compared

confidence intervals and, 128-130, 169
hypothesis testing and, 146-148

Power analysis in monitoring programs, 154-155

Prediction line, 189
Predictor variable, in regression analysis, 189

Probabilities, 4, 27-51
approximate, 60

'2.21



Probabilities (continued)
characteristic properties of, 34
classical, 35
conditional

false positive paradox and, 46-50
multiplication rule and, 42-44

continuous, 64
cumulative, 84
discrete, 64, 66
formulas for manipulating, 37-39
non-negative, 34
normal, 83-85
personal, 35
repeatable events and, 35
sample, 100
spread of, 67

Probability calculation, confidence intervals
and, 117-119

Probability density, 66
of continuous random variable, 65

Probability distribution
binomial, 77-78
graphs, 56-58
mean of, 60-61
properties of, 59
random variable, 55-58
table to find normal, 84-85

Probability graphs, 56-58
Probability of type II errors, 151-155
Probability statement, in hypothesis testing,

141-142
Probability zero, 63-64
Proportion of successes. See Success rates
Pseudo-random numbers, 65
P-value, in hypothesis testing, 141-142, 148

Random error fluctuations, in regression
analysis, 199-209

Random experiment, 30, 32, 34, 36
sampling and, 98-100, 104-105

Randomization, 215-216
in experimental design, 183, 185

Random models, stochastic, 116-118
Random number generator, 65, 94
Random sampling

independence and, 92-94, 96
simple, 92-96, 167
steps to eliminate bias in, 167
used for confidence intervals, 114-115, 119

Random sampling design, 92-94
Random selection of jurors, 138-141
Random variables, 53-72

adding, 68-71
binomial, 74-76,139-140
discrete, 63
mean of; 61, 67-69
probability distribution, 55-58

sampling and, 98-100, 104-105
t,107-109
variance of, 62, 67-71

Random variable t, 107-109
Random walk, 214
Regression, 187-209
Regression analysis

best linear unbiased estimators (BLUE) in,
201-202

confidence intervals in, 203-206
correlation coefficient in, 196
dependent random variable in, 199-209
dependent variable in, 189
fitting process in, 189-196
hypothesis testing in, 207
independent variable in, 189, 199-209
linear regression in, 189-190, 208
predicting mean response in, 204-206
predictor variable in, 189
random error fluctuations in, 199-209
regression diagnostics in, 209
response variable in, 189
rigged data in, 189, 192, 194-195,205-207
spread of data in, 190-195
squared correlation in, 195
standard error (SE) without derivation in, 203
statistical inference in, 199-209
student weight experiment and, 188-209
sum of squared errors (SSE) in, 190-195
sum of squared regression (SSR) in, 194-196

Regression coefficient sample, 191-192
Regression line, 189-190,208
Regression model, 199-202
Relative frequency, 10,35,60
Relative frequency histograms, 11,57-58
Repeatable events, probability and, 35
Replication in experimental design, 183, 185
Resampling,215-216
Response variable in regression analysis, 189
Right-handed alternate hypothesis, 144-145
Rounding off, 9
Round numbers, 10

Salk polio vaccine, 3
Sample means

comparing small, 170-171
confidence intervals and, 130, 171
distribution of, 104-106
hypothesis testing for the population mean,

146-148
Sample probability, 100
Sample properties, 59
Sample regression coefficient, 191-192
Sample size, 91

comparing small, 170-171
confidence levels and, 124-125
increasing, 124-125

, Sample size (continued)
standard error and, 98-103
testing large, 143-148

Sample space, 30-31, 33, 41
Sample variance, 22
Sampling, 89-109

acceptance, 150
random, 95

independence and, 92-94, 96
steps to eliminate bias in, 167
used for confidence intervals, 114-115, 119

random experiment and, 98-100, 104-105
random variables and, 98-100, 104-105
standard deviation and, 101-103

Sampling design
cluster, 95
opportunity, 97
random, 92-94
simple random, 92-94
stratified, 95
systematic, 96-97

Sampling distribution
of the mean, 104-106
for proportion of successes, 163

Scatterplots, 188-189
random, 209

SD. See Standard deviation
SE. See Standard error
Senator Astute. See Election polls
Sigma, 16. See also Summary statistics
Significance level

fixed, 141-142, 145
in hypothesis testing, 141-142, 145, 147-148
in scientific work, 141-142

Significance test
for proportions, 143-145
used in inspection sampling, 146-148

Simple random sampling, 92-96, 167. See also
Random sampling

Smoke-detectors, as a decision theory example,
151-154

Special addition rule, for mutually exclusive
events, 39,42,44

Special multiplication rule
conditional probability and, 42-44
independence and, 43-44

Spinning pointer, 63-64
Spread, 14

of data in regression analysis, 190-192
sum of squared errors relative to, 193-195

measures of, 19-25
of probabilities, 67
variance in, 22-23

Spread distance, squares of, 22
Squared correlation, in regression analysis, 195
Squared distance, 22, 61-62
Squared errors, sum of (SSE) in regression

analysis, 190-195
Squared regression, sum of (SSR), in regression

analysis, 194-196
Square root, standard deviation defined by, 23
Squares, pool the sum of, 171
SSE (sum of squared errors)

in regression analysis, 190-195
relative to spread of data, 193-195 '

SSR (sum of squared regression), in regression
analysis, 194-196

Standard deviation (SD)
in comparing small sample means, 171
in comparing the means of two populations,

168
in confidence intervals, 117, 128-130
defined by square root, 23
from mean values, 22, 24-25, 168, 171
in paired comparisons, 175-176
population, 59, 62, 80
sampling and, 101-103, 107
spread measures and, 22
z-scores and, 24-25

Standard error (SE)
in comparing small sample means, 171
in comparing the means of two populations,

168
Standard error (SE)

in confidence intervals, 118, 128-130
sample size and, 98-103
without derivation, in regression analysis, 203

Standard normal distribution, 79-82
table for, 84-85

Statistical analysis of multivariate data,
212-213

Statistical hypothesis testing, 140-142, 144-145,
147-148, 165-166, 169

Statistical inference, 4
in regression analysis, 199-209

Statistical situations, 158'-159
Statistics

mortality, 13
summary, 14-26, 148

Stem-and-leaf diagram, 12, 18
Stochastic random models, 116-118
Stratified sampling design, 95
Student's t. See r-distribution
Subjectivist, 35
Subtraction rule for events, 39, 44
Successes, number of, 75
Success rates, 99

comparing, for two populations, 160-163
confidence intervals for, 164
in hypothesis testing, 143-145
sampling distribution for, 163

Summary statistics, 14-26
in hypothesis testing, 148

Summation, 16. See also Summary statistics
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Weight experiment, Penn State student, 9-12,
16, 18-26, 188-209. See also Regres­
sion; Regression analysis

Uncertainty, 2

Variability
natural

experimental design and, 183-185
reducing, with paired comparison, 178

total
due to the regression, 194-195
experimental design and, 186

Variables
binomial random, 74-76, 139-140
continuous random, 63, 65, 67
dependent, 189
dependent random, 199-209
discrete random, 63
random. See Random variables
in regression analysis, 189, 199-209

Variance
analysis of. See ANOVA
of binomial distribution, 78
of continuous random variables, 67
of random variables, 62, 67-71
sample, 22
in spread, 22-23

Vertical scale, 11

z-observed value, hypothesis testing and,
144-145, 165-166, 169

z-scores, standard deviation and, 24-25
z transformation, 84-88, 117-118

y-axis, 80

x-axis, 80

Sum of squared errors (SSE)
in regression analysis, 190-195
relative to spread of data, 193-195

Sum of squared regression (SSR), in regression
analysis, 194-196

Sum of squares, pool the, 171
Systematic sampling design, 96-97

t-distribution, 107-109
in comparing small sample means, 171
confidence intervals based on, 131-136
critical values for, 132-136, 150
hypothesis testing and, 149-150

Teamwork,218
Test statistic

in hypothesis testing, 140-141, 144-145,
147-148, 165-166, 169

small-sample t, for paired comparisons, 176
Time series analysis, 214-215
t-observed value, 149-150
Total variability

due to the regression, 194-195
experimental design and, 186

Tukey,John,12,21
t-values. See t-distribution
Two-by-two decision table, 152
Two-handed alternate hypothesis, 144-145
Two populations compared, 158-179. See also

Population
confidence intervals for, 164, 169
hypothesis testing, 160-163, 169
mean of, 168-169
model for, 162
sampling distribution for proportion of

successes, 163
success rates, 160-164

Type I errors, 151-154
Type II errors, 151-155
Typical value, 14-18. See also Spread
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